EXOTIC SMOOTH STRUCTURES ON TOPOLOGICAL FIBRE 

BUNDLES I 

SEBASTIAN GOETTE, KIYOSHI IGUSA, AND BRUCE WILLIAMS 

Abstract. When two smooth manifold bundles over the same base are fiberwise tangen- 

f^ ' tially homeomorphic, the difference is measured by a homology class in the total space of 

CN) . the bundle. We call this the relative smooth structure class. Rationally and stably, this 

5^ ' is a complete invariant. We give a more or less complete and self-contained exposition of 

^L(, this theory which is a reformulation of some of the results of [7] . 

•^r ' An important application is the computation of the Igusa-Klein higher Reidemeister 

' torsion invariants of these exotic smooth structures. Namely, the higher torsion invariant 

'■ is equal to the Poincare dual of the image of the smooth structure class in the homology 

of the base. This is proved in the companion paper [TT] written by the first two authors. 
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Introduction and outline 

Higher Reidemeister torsion is a cohomology class in the base of a smooth manifold 
bundle which can be used to distinguish between different smooth structures on the same 
topological manifold bundle. In other words, if M — >• i? and M' -^ B are two smooth 
manifold bundles over the same base which are equivalent as topological bundles but have 
different higher Reidemeister torsion invariants then they cannot be equivalent as smooth 
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bundles. The higher torsion is not always defined. However, given a fiberwise homeomor- 
phism f : M ^ M' over B one can always define the relative torsion t{M', M) G H*{B; M) 
which must vanish in order for / to be fiberwise homotopic to a diffeomorphism. 

There are three different definitions of the higher torsion due to Igusa-Klein |16j . |14] . 
Dwyer- Weiss- Williams [7] and Bismut-Lott [3], [2] which are now known to be related in 
a precise way [1], [10], [15]. However, none of these is a complete invariant. There are 
differences in smooth structure which are not detected by the higher relative torsion. 

The purpose of this paper is to reformulate the Dwyer- Weiss- Williams result [7] which 
calculates, as a fiberwise generalized homology theory, the space of all stable fiberwise tan- 
gential smoothings of a compact topological manifold bundle and gives a complete rational 
invariant for this problem. In our reformulation, smooth structures on a topological mani- 
fold bundle are classified (rationally and stably) by a homology class in the total space of 
the bundle called the "smooth structure class". In the companion paper jllj . the first two 
authors show that the higher relative IK-torsion is the Poincare dual of the image of the 
smooth structure class in the homology of the base. 

We strive to give a complete description of classical results needed to derive the final 
statements in a useful format, especially for the application in our other paper. This paper 
is based on a handwritten outline written by the third author [19] to explain this version of 
[7] to the first two authors. 



0.1. Main results. Let p : M ^^ B he a, smooth manifold bundle, i.e., a fiber bundle in 
which the fiber X, base B and total space M are compact smooth oriented manifolds. Sup- 
pose that X is A^-dimensional. Then the vertical tangent bundle T^M is the A^-dimensional 
subbundle of the tangent bundle TM of M which is the kernel of the vector bundle mor- 
phism Tp : TM — > TB. 

An exotic smooth structure on M is another smooth manifold bundle M' — )• B with 
fiber X' which is fiberwise tangentially homeomorphic to M in the sense that there is a 
homeomorphism f : M = M' which commutes with projection to B and which is covered 
by an isomorphism of vertical tangent bundles so that this linear isomorphism is compatible 
with the topological tangent bundle map associated to /. See Section [T7il for details. 

We need to stabilize, by which we mean take the direct limit with respect to all linear disk 
bundles over the total space M. Then the space of stable fiberwise tangential smoothings 
of the bundle M which we denote S^{M) is an infinite loop space and 7ro5^(M) is a finitely 
generated abelian group. The main theorem (12.2.3^ of this paper is: 

TToSUM) ® M = HAunB-Ak{M, M9b;R) =D i7dimX+4fc(^^ gy^. jg) 
fc>0 fc>0 

where Mqb = p^^{dB) and d'^M is the vertical boundary of M, which is the fiber bundle 
over B with fiber dX (so that dM = Mqb U &^M) and D is Poincare duality. In fact 
we consider the relative version 5^ q ^ (M) , which is the group of all stable exotic smooth 
structures on M which agree with the given smooth structure over BqB C dB. 

Any exotic smooth structure M' on M gives an element of 5^(M). The image of this 
element in 0;j->o-^dim_B-4fc(-^)-^aB;I^) is called the smooth structure class of M' (relative 
to M) and denoted Q{M' ,M). The main theorem of the companion paper [11] is that 
the Poincare dual of the relative higher IK-torsion invariant is the image of the smooth 
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structure class in H^,{B,dB): 

(0.1) Dr'^^iM', M) = pMM', M) e ^ H^u^B-ikiB, OB; M) 

k>0 

In the case when M —^ B is a hnear disk bundle, this is a reformulation of the well-known 
result of Farrell-Hsiang [9]. We prove this in Proposition 12.2.41 

In order to obtain (jO.ip in general we need a construction to embed the disk models 
into any smooth bundle and another theorem which relates the smooth structure of a 
subbundle with that of the whole bundle. In the case of embedded subbundles, we can simply 
use the naturality of the smooth structure map 0. Unfortunately, there are not enough 
embedded subbundles, so we need stratified subbundles (Definition ll.5.20p to generate all 
of the homology of M (in the right degrees). The exotic smooth structures on M generated 
by these stratified subbundles play an essential role in our main application [TI]. So, we 
need an extension of the naturality of © to the stratified case. This is Corollary 12.4.21 

0.2. Outline of paper. This paper has two sections. In the first section we construct the 
space S^{M) of stable tangential smoothings of a compact manifold bundle and show that 
it is homotopy equivalent to a space of sections of a certain fiberwise homology bundle and 
we show that this homotopy equivalence is compatible with stratified embeddings. 

Section [1] is divided into five parts: 

(jl.ip Spaces of manifolds. We define spaces of manifolds as simplicial sets. Then a 
smooth/topological bundle over B is a continuous mapping into the realization of the cor- 
responding simplicial set. The smoothing problem for bundles over B is the problem of 
computing the homotopy fiber of the mapping \S^{n)\^ — ?> |5*(n)|^ induced by the simpli- 
cial forgetful map ip : S^{n) -^ '5*(n) from the space of smooth manifolds to the space of 
topological manifolds. 

(jl.2p The functor EM. Euclidean bundles are topological bundles with fiber M" together 
with a zero section. A microbundle is the germ of such a bundle around the zero section. We 
define a microbundle to be the entire Euclidean bundle with morphisms of microbundles 
being germs at the zero section of maps. This gives an equivalent category with more 
convenient objects. We explain the well known fact that every paracompact topological 
manifold M has a tangent Euclidean bundle EM given as a neighborhood of the diagonal in 
M X M. Then we construct the fiberwise tangent Euclidean bundle E'^M for any topological 
bundle M ^ B. 

(II. 3p Linearized Euclidean bundle VM . We define a linearized manifold to be a triple 
(M, VM, A) where M is a topological manifold VM is a vector bundle over M and A : 
VM — )> EM is an equivalence of microbundles. We define a tangential homeomorphism 
between linearized manifolds and show that such a structure is equivalent to a one parameter 
family of linearized manifolds going from the domain to the target. A smooth manifold is 
linearized by its tangent bundle and an exponential map TM — )> EM. We refer to a 
tangential homeomorphism as "smooth" if it is a diffeomorphism. 

(II. 4p Tangential smoothing. We define a tangential smoothing of a linearized manifold 
(Mq, VMq) to be a tangential homeomorphism with a smooth manifold (Mi,TMi). Propo- 
sition 11.4.21 shows that the space of tangential smoothings of a fixed linearized manifold is 
the homotopy fiber of the simplicial forgetful map tp : S,{n) — ?> 5*(?i) where 5*(n) is the 
simplicial set of linearized topological n manifolds. 



Let iS^^(M) be the space (simplicial set) of all fiberwise tangential snioothings (relative 
to A) of a linearized topological bundle M —^ B (Definition ll.4.3p . Then we define the 
stable tangential smoothing space to be the direct limit 

5|,,^(Mo):=lim5^/j,(D(0) 

where the direct limit is with respect to all linear disk bundles ^ over Mq. This definition 
has the effect of "forgetting" the tangent bundle of Mq. 

(jl.5|) Smoothing theorems. In this section we prove the main smoothing theorem 11.5.141 
which gives a homotopy equivalence 

if dB = OqB U diB where 'H^{W) is the fiberwise T-L homology bundle over B, i.e., the 
bundle whose fiber over b is Ti (Wh) where Ti is the homology theory associated to the 
0-spectrum of the infinite loop space 

which is the space of all stable tangential snioothings of a point * considered as a bundle 
over itself. _ 

The computation of <S% Q^^iW) is broken up into several subsections of Section [L5l 
Given a fixed smooth bundle W —^ B and another bundle W' — )> B which is fiberwise 
tangentially equivalent to W, the image of W' in S'^ q ^iW) is the obstruction to finding 
a stable fiberwise diffeomorphism W -^ W. Using immersion theory we show that there is 
no obstruction to finding this fiberwise diffeomorphism on the core of W. (The core being 
any codimension subbundle of the fiberwise interior of W which is a fiberwise deformation 
retract.) Then, by a theorem of Morlet, an extension of this diffeomorphism to all of W is 
the same as a section of the bundle over B with fiber 

which is a homology theory in the fiber X. 

Finally, Section [T3] ends with a discussion of stratified subbundles. A stratified subbundle 
E of a smooth bundle W ^f B is the image X{E) of a stratified embedding-immersion pair 
(A, A) with a certain part deleted. A stratified embedding from another smooth bundle 
TT : E ^ L into p : W ^ B is defined to be a pair consisting of a codimension embedding 
X : E ^>- W and a codimension immersion \ : L ^^ B which has transverse self-intersections 
and meets the boundary of B transversely so that p o A = A o vr (Definition ll.5.20p . Let 
OqL be the closure of the complement in dL of X~^{dB). Then E is the image X{E) with 
X{E\doL) deleted. Cor ollar v 1 1 . 5 . 2 1 1 proves the key result that the homotopy equivalence 'jw 
is compatible with stratified embeddings. 

In Section [2] we review elementary homotopy theory (Section 12. ip and use it in Section 
12.21 to calculate, rationally, vro of the spaces of sections obtained in Section [TJ The main 
result is Corollary 12.2.21 Suppose that the base B and fiber X oi M ^ B are oriented 
manifolds. Then we have an isomorphism 

Om : TrorB,doBn'^BiM) ® M ^ //dimB-4fc(M, diM; R) 

fc>0 



where diM = Mq^b- Together, with the homotopy equivalence 7m obtained in Section [H 
this calculations give the isomorphism: 

@M = 0M o (7Af )* : S%^daBiM) ® K ^ Hg.^kiM, d^M; R) 

Corollary 12.2.21 follows from Theorem 12.2.11 which is proved in Section 12.31 Finally, in 
Section 12.41 we show that these isomorphisms are compatible with stratified embeddings. 
In particular, we obtain the crucial fact (Corollarv l2.4.3p . needed in our other paper, that 
@ is compatible with stratified embedding. 

0.3. Acknowledgments. This paper originated at the 2006 Arbeitsgemeinshaft at Ober- 
wolfach on "Higher Torsion Invariants in Differential Topology and Algebraic K-Theory." 
The American Institute of Mathematics in Palo Alto also helped us to finish this project 
by hosting a workshop on higher Reidemeister torsion in 2009. Both meeting were very 
stimulating and productive and without them this work would never have been completed. 
Also, we would like to thank the referee for many suggestions which greatly improved this 
paper and the companion paper [11] . 

1. Smoothing theory 

1.1. Spaces of manifolds. First we recall the basic construction which is that a compact 
topological/smooth manifold bundle M —?■ E ^ B is equivalent to a mapping from B to the 
space of topological/smooth manifolds which are homeomorphic/diffeomorphic to M. This 
leads us to consider two spaces of manifolds: topological manifolds and smooth manifolds 
and the homotopy fiber of the forgetful map 

which is the space of all smoothings of a fixed topological n-manifold. We also need one 
other space of manifolds: topological manifolds with linear structures on their tangent 
Euclidean bundles. We will discuss this after we recall the theory of Euclidean bundles in 
the next section. 

1.1.1. Topological manifolds. Let S*{n) be the set of all compact topological n-submanifolds 
of M°° so that 

{M,dM) C ([0,oo) X M°°,0 X M°°) 

This condition allows us to attach a canonical external open collar C = dM x (—1,0] C 
M°^ X (—1,0]. Instead of defining a topology on the space S^{n) we will take the easy 
approach of making it into a simplicial set. So, let iS*(n) be the simplicial set whose k- 
simplices are continuous A^ families of compact topological n-manifolds Mt,t E A^. By a 
continuous family we mean a mapping / : A'^ — > S*(n) with the property that its adjoint 

W = {{t, x) G A* X M°° I X G Mt} C A^^ x M°° 

is a fiber bundle over A with fiber f(t) = Mt- 

There is a tautological bundle over the geometric realization |5*(n)| whose fibers are 
compact n-manifolds embedded in M°°. The inverse image of a simplex is the corresponding 
manifold W given above. Since this bundle contains all possible W, it is universal, i.e., any 
compact n-manifold bundle p : E ^ B over a triangulated space B is classified by a mapping 
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B -^ S^{n) which is continuous on each simplex of B in the above sense. Therefore, we get 
a simpHcial map 

simp B -^ 5,(n) 

from the set of simpHces of B to 5*(n) which sends a /c-simplex a to p~^{a) G 'Sl{n) 
(assuming that a fiberwise embedding E ^^ B x ]R°° has been chosen). This proves the 
fohowing well-known theorem where Homeo{M) is the group of homeomorphisms of M 
with the compact-open topology. 

Theorem 1.1.1. The geometric realization of S\{n): 

|5*(n)| c^Y[BHomeo{M) 

is the disjoint union over all homeomorphism classes of compact n-manifolds M of the 
classifying space of Homeo{M) . D 

1.1.2. Smooth manifolds. We define a smoothing of a topological manifold M without 
boundary to be continuous mapping a : M ^ M°° whose image is an immersed smooth 
submanifold. We call a an "immersion". 

Definition 1.1.2. If M is a topological manifold and A^ is a smooth manifold we define 
an immersion to be a continuous mapping a : M — ?> A^ so that for every x (z M there is 
an open neighborhood ?7 of x in M so that a is an einbedding on U with image a{U) a 
smooth submanifold of A^ with smooth boundary. If Mt is a family of topological manifolds 
without boundary forming the fibers of a bundle W ^^ B over a smooth manifold B then 
by a family of immersions we mean a continuous family of maps at : Mt -^ N giving an 
immersion a : W ^>- N x B. 

If U is an open subset of the interior of a topological manifold M we define a smoothing 
of U to be an immersion a : U ^>- M°°. We defined a smoothing of a closed subset A of 
M to be the germ of a smoothing of a neighborhood of A in the interior of M. Thus a 
smoothing of A is an equivalence class of smoothings in open neighborhoods of A where two 
such smoothings are equivalent if they agree on a third smaller neighborhood of A. When 
we pass to manifold bundles we always define these open neighborhoods to be uniform open 
neighborhoods meaning they are open subsets of the total space of the bundle. 

If M is a manifold with boundary then we define a smoothing of M to be the germ of a 
smoothing of a neighborhood of M in M' = MuC where C = dM x (—1,0] is the standard 
external open collar for M. Smoothings of closed subsets of M are defined similarly. 

The key point about this version of the definition of smoothing is that it is clearly excisive 
in the following sense. 

Proposition 1.1.3. If M is the union of two closed subsets M = AU B, then a sm,oothing 
a of M is the same as a pair of smoothings a a, olb for A and B which agree on Ar\ B. 

Proof. The smoothings ua^oib are given by immersions on neighborhoods of A^B in M' 
which agree on the intersection. This gives an immersion defined on a neighborhood of M 
in M'. D 

Let S (n) be the set of all pairs (M, a) where M is an element of 5*(n), i.e. a compact 
topological submanifold of M°° and a is a smoothing of M. Let S,{n) denote the simplicial 
set whose A:-simplices are pairs (W,a) where W G Sl{n) and a : W ^ M°° x i? is an 
immersion over B. 
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Note that there is a simphcial forgetful map 

which is given in every degree by projection to the first coordinate: (pk{W,a) = W. 

Theorem 1.1.4. The geometric realization ofS^{n): 

\S^{n)\^l[BDiff{M) 

is weakly homotopy equivalent to the disjoint union over all diffeomorphism classes of com- 
pact n-manifolds M of the classifying space of the group Diff{M) of diffeomorphisms of 
M with the C°° topology. D 

Our definition of smoothing also gives us an exponential map 

fiM ■■ TM -^ M' 

defined in some neighborhood U{M) of the zero section of the tangent bundle TM C 
M X M°°. This is given by the inverse function theorem as the second coordinate of the 
inverse of tt : M x M' — >• TM given by 7r(x,y) = 7r^(a'(y) — a{x)) where vr^ is orthogonal 
projection to the tangent plane to a{M) at a{x) translated to the origin. 

1.1.3. Homotopy fiber of (p. Given a single topological manifold X, the space of smoothings 
a of X is homeomorphic to the space of all pairs {X, a) . This is the same as the inverse 
image of X (and its degeneracies) under the simplicial forgetful map c/? : 5^ — )• 5*. An 
elementary argument shows that this space is the homotopy fiber of the simplicial map 
ip. More generally, the space of smoothings of a continuous A family Wq of topological 
manifolds is homotopy equivalent to the space of smoothings of Wq which we define as 
follows. 

Definition 1.1.5. Suppose Wq is a A^' family of topological n-manifolds, i.e. {Wq — )• A^) € 
SKn). Then, a smoothing of Wq is defined to be a pair {W, a) where 

(1) VF is a continuous A'^ x / family of topological manifolds, 

(2) W\A^ xO = Wo, 

(3) a is a smoothing of Wi = W\A'' x 1. 



Since W is topologically isomorphic to Wq x /, the space of smoothings of Wq is homotopy 
equivalent to the space of actual smoothings of Wq. Homotopy smoothings have some 
additional properties which we state without proof. 

Let Sj (n) denote the simplicial set whose /c-simplices are smoothings {W, a) of k- 
simplices Wq € Sl{n) as defined above. We have the following observation. 

Proposition 1.1.6. The simplicial forgetful map Sj (n) — > S^{n) sending {W,a) to 
{Wi,a) is a homotopy equivalence. D 

Proposition 1.1.7. If X € 5g(n) let Sj {X) denote the simplicial subset of Sj (n) whose 

k-simplices are the smoothings of X x A . Then \Sj {X)\ is the homotopy fiber of the 
forgetful map 

\^\:\S^{n)\^\Si{n)\ 
over X & Sl{n). D 



More generally, given any topological manifold bundle Wq — ?> B where B is a smooth 
manifold, we define a smoothing of Wq to be a topological embedding a : Wq -^ B x ]R°° 
over B whose image is a smooth submanifold of S x R°°. Smooth A families of such 
embeddings form a simplicial set which represents the space of all homotopy liftings of the 
classifying map B -^ |5*(n)j to |iS, (n)|, in other words a point in the homotopy fiber of the 
map 

\S^{n)f^\Siin)\^. 

We call this the space of fiberwise smoothings of Wq. 

By a fiberwise smoothing of Wq we mean a pair (W, a) where W^ is a topological manifold 
bundle over B x I which is equal to Wq over B xO and a is a smoothing of M^|i? x 1. Taking 
A'^ families we can form a simplicial set which we call the space of fiberwise smoothings of 
Wq. As in Proposition 1 1 . 1 . 6l it is clear that this space is homotopy equivalent to the space 
of actual smoothings of a topological bundle. However, this definition (developed by J. Lees 
|18j ) makes it easier to compare two different smoothings of the same bundle. 

Suppose that / : Wq — )> Wi is a homeomorphism between two smooth bundles over B. 
We can construct the associated smoothing 

W = WoxIUfWi 

where Wi is identified with Wq x I using the homeomorphism /. The problem is to determine 
whether there is a smooth structure on W which extends the given smooth structure on Wq 
and Wi. If / is a smooth embedding then we can take the smooth structure on W induced 
from Wq X I. Using our strict definitions, this would be given by the family of smoothings 
ht = {1 — t)aQ + tai o f : Wq — >■ M°°. This will be a family of embeddings if we assume that 
the smoothings a^ of Wi have image in linearly independent subspaces of M°°, if not we can 
simply pass through a third smoothing with this property. 

Proposition 1.1.8. Suppose that f : Wq -^ Wi is a fiberwise homeomorphism between 
smooth bundles over B and suppose that f is homotopic through continuous fiberwise em- 
beddings over B to a smooth embedding. Then there is a smooth structure on the fiberwise 
interior ofW which agrees with the smooth structure on Wq and Wi. 

Proof. The continuous image of the fiberwise interior of Wt under a topological embedding 
ft : Wt — 7> Wi is a smooth manifold. Therefore, the image of ft gives the desired smoothing. 

D 

In classical smoothing theory, a smoothing of a topological manifold (of dimension > 5) 
is given by a lifting of the tangent microbundle to a linear bundle. In other words, a vector 
bundle structure on the topological tangent bundle gives a smoothing of a single manifold. 
This is not true for a topological manifold bundle W -^ B. If we choose a vector bundle 
structure on the vertical topological tangent bundle of the topological bundle W ^ B we 
have a further obstruction to smoothing. To study this obstruction we need to construct a 
third space of manifolds: compact topological manifolds with vector bundle structures on 
their topological tangent bundles. We call these "linearized manifolds." 

1.2. The functor EM. A compact topological manifold M has a topological tangent bundle 

TT : EM -^ M 



which is caUed the tangent Euclidean bundle of M. The fiber 7r~^(a;) is homeomorphic 
to an open ball neighborhood of x in M. This section gives the basic properties of Eu- 
clidean bundles in general and the functorial properties of the tangent Euclidean bundle of 
a manifold. 

1.2.1. Euclidean bundles. A Euclidean bundle is a fiber bundle 

TT : E -^ B 

with fiber R" and structure group T-LomeoiW^ , 0) , the group of homeomorphisms of M" fixing 
with the compact open topology. By a Euclidean subbundle of E we mean an open subset 
Eq ^ E which includes the zero section and which is also a Euclidean bundle. A morphism 
of Euclidean bundles Eq -^ Ei over i? is a fiberwise open embedding which preserves the 
zero section, i.e., an isomorphism of Eq with a subbundle of Ei. 

Lemma 1.2.1 (Kister |17]). Let E —^ B be a Euclidean bundle over a finite cell complex 
B and let Eq be a Euclidean subbundle of E. Then Eq is fiberwise isotopic to E fixing 
a neighborhood of the zero section. I.e., there is a continuous one-parameter family of 
Euclidean morphisms ft : Eq —^ E which are the identity in a neighborhood of the zero 
section so that /o is the inclusion map and /i is a homeomorphism. D 

Remark 1.2.2. The conclusion of this lemma can be rephrased as saying that there is a 
Euclidean subbundle oiExI^BxI which is equal to Eq over B xO and equal to E over 
B xl. 

Proposition 1.2.3. If E,E' are Euclidean bundles over B with isomorphic subbundles 
ifo : Eq = Eq then there is an isomorphism ip : E ^ E' which agrees with ipo in some 
neighborhood of the zero section. 

Proof. E^Eq^E'q^E' hy the lemma. D 

Lemma 1.2.4. Let E —^ B be a Euclidean bundle over a finite dimensional CW-complex 
B and let Eq be a subbundle of the restriction E\A of E to a subcomplex A (^ B. Then 
there is a Euclidean subbundle Eq of E so that Eq = Eq\A. 

Proof. Assuming that we have constructed Eq over A U B we can extend Eq to Au B^^ 
one {k + l)-cell at a time using the lemma as rephrased in the remark. D 

1.2.2. Microbundles. A (topological) microbundle over B is defined to be a space E con- 
taining B with inclusion map s : B —?■ E and retraction n : E —?■ B so that B is covered by 
open subsets U oi E for which vr(C/) = U D B and so that 7r|f/:C/— )-C/ni?isa Euclidean 
bundle. 

A morphism of topological microbundles £"0 — s- Ei over B is defined to be the germ along 
S of a fiberwise homeomorphism f : Eq ^ Ei which is the identity on B. Thus, / is only 
defined in some neighborhood of B and any two such maps are equivalent if they agree on 
some neighborhood of B m. Eq. 

Theorem 1.2.5 (Kister, Masur). Suppose that B is (the realization of) a finite dimensional, 
locally finite simplicial complex and ir : E ^ B is a microbundle. Then E contains an open 
neighborhood Eq of s{B) so that {Eq,s{B)) is a Euclidean bundle over B. Furthermore, Eq 
is unique up to isomorphism. 

Remark 1.2.6. This implies that any topological microbundle over B is microbundle iso- 
morphic to a Euclidean bundle which is uniquely determined up to isomorphism. 
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Proof. We can refine the triangulation of B so tliat eacli simplex is contained in one of the 
open sets U. This gives a Euclidean bundle i^o- over each simplex a. Since B is locally 
finite and finite dimensional we can choose the E^^ so that E^j ^ Et-\(t for all u C r. Then 
a Euclidean bundle En can be constructed over the n-skeleton of B by induction on n: Eq 
already exists. Given En, we can extend En to each n + 1 simplex using Lemma [1.2.4[ This 
shows existence. 

To prove the uniqueness, we take any two Euclidean bundles and use the above argument 
to construct a third Euclidean bundle which is a subbundle of both. By Kister's Lemma 
11.2. H all three Euclidean bundles are isomorphic. D 

Corollary 1.2.7. If B is dominated by a finite dimensional locally finite simplicial complex 
(for example a paracompact topological manifold) then any microbundle over B contains a 
Euclidean bundle neighborhood of its section. 

Proof. If i? is a retract of a nice space X then any microbundle over B pulls back to 
a microbundle over X which contains a Euclidean bundle which restricts to a Euclidean 
bundle neighborhood of the section of the original microbundle. 

Any paracompact ?i-manifold M satisfies this condition since each component of M is 
second countable and therefore can be properly embedded in R^"+^. This is an exercise 
in Munkres. The Tietze extension theorem can be used to show that M is a retract of a 
neighborhood which we can take to be simplicial. D 

1.2.3. Tangent Euclidean bundle. The discussion above implies the well-known fact that 
every paracompact topological manifold M has a tangent Euclidean bundle: we first attach 
the standard external open collar C = dM x (—1,0] and embed M in the open manifold 
M' = M U C. The tangent microbundle of M is the equivalence class of pi : M x M' -^ M 
(projection to the first coordinate), together with the diagonal section A : M — ?> M x M' . 

Definition 1.2.8. If M is a topological manifold with external open collar C = dMx{—l, 0] 
and IT : E ^^ M is a Euclidean bundle then a topological exponential map is defined to be a 
continuous map 

T]-. E^ M' = MUC 
so that 

(1) ri{s{x)) = x for all x € M where s : M ^- £^ is the zero section, 

(2) rj maps each fiber Ex = 7r~^(x) homeomorphically onto an open neighborhood of x 
mM'. 

We call {E,rf) = {E,s,TT,ri) a tangent Euclidean bundle for M. 

If {E,r]) is a tangent Euclidean bundle for M then the germ of E around s{B) is the 
tangent microbundle of M. To see this note that the two mappings vr, r] form an open 
embedding (vr, ?/) : E ^-^ M x M' by invariance of domain. The image of (vr, rj) determines 
{E, rf) up to isomorphism. We say that (£^0) %) is contained in {Ei,r]i) if the image of Eq in 
M X M' is contained in the image of Ei. Kister's theorem on the existence and uniqueness 
of Euclidean bundles can be stated as follows in the case of the tangent microbundle. 

Theorem 1.2.9. Any paracompact topological manifold M has a tangent Euclidean bundle. 
Furthermore, for any two tangent Euclidean bundles, there exists a third Euclidean bundle 
which is contained in both. D 
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In the case where M is a smooth manifold, we note that EM is also a smooth manifold 
although the smooth structure of EM along dM depends on a choice of extensions a' of the 
smooth structure of M to M' . Also we have a canonical exponential map /xm : TM — t- M' 
defined in a neighborhood U{M) of the zero section and this gives us a diffeomorphism of 
bundles between EM and U{M). 

1.2.4. Vertical tangent Euclidean bundle. We are interested in the case when p : M ^ B is 
a bundle over a finite complex B with fiber X a compact topological manifold. In this case 
we first add the external collar C = d^M x (—1,0] where d^M is the vertical boundary of 
M, i.e. the bundle over B with fiber dX. Then M' = M U C is an open manifold bundle 
over B with fiber X' = X [J dX x (-1, 0]. The fiber product M M' is a bundle over B 
with fiber X x X' and the vertical tangent microbundle is the neighborhood germ of the 
fiberwise diagonal AM in M © M' . 

Since M is a compact and finite dimensional it is dominated by a finite complex. There- 
fore, any microbundle over M contains a Euclidean bundle. In particular, there exists a 
Euclidean bundle vr : E'^M — )• M unique up to isomorphism and an open embedding 

(vr, T]) : E^M ^ M ® M' 

over M sending the zero section to the fiberwise diagonal. 

We cah {E^M,rj) a vertical tangent Euclidean bundle for M ^ B and r/ : E'^M — )• M' 
the fiberwise topological exponential map. As before, (E'^M, rf) is given up to isomorphism 
by the image of the embedding (vr, rj) : E'^M ^^ M @ M' . 

1.2.5. Topological derivative. Any homeomorphism / : Mq — t- Mi induces a homeomor- 
phism f : Ml;,^ M[ by sending {x,t) £ OMq x [0, 1) to if{x),t) G dMi x [0, 1). This gives 
a map of tangent microbundles: 

Mo X M^ — — ^ Ml X M( 



pi 



pi 



Mo ^Mi 

This morphism of microbundles is the topological derivative of f. (li E ^>- B,E' ^ B' are 
bundles or microbundles, then a morphism E ^ E' over a map f : B ^ B' is defined to be 
a morphism between E and the pull-back f*E' over B.) 

Choosing Euclidean subbundles of the microbundles, we can represent the topological 
derivative by an isomorphism of Euclidean bundles Ef. If ttq : EMq -^ Mq is a tangent 
Euclidean bundle for Mo with embedding (vro,?/o) '■ EMq "^ Mo x Mg then tti = f o ttq : 
EMq -^ Ml is evidently a tangent Euclidean bundle for Mi with embedding {7Ti,r]i) = 
(/ X f'){'^Oi'no) '■ EMq — 7> Ml X M(. In other words, there is an isomorphism of Euclidean 
bundles Ef : EMq — )■ EMi over / as indicated in the following commuting diagrams. 

EMq — ^ EMi EMq — ^ ^Mi 



TTO 



Vo 



m 



Mq — '—^ Ml M^ — ^ M( 

We call Ef the topological (Euclidean) derivative of /. 

11 



Similarly, if / : Mq -^ Mi is a fiberwise homeomorphism between two topological 
manifold bundles over the same space B, we get an isomorphism of Euclidean bundles 
E'^f : E'^Mq — >■ E'^Mi over / compatible with the fiberwise exponential maps as indicated in 
the following diagrams in which all arrows commute with the projection to B. 

E^Mq — ^ E^Mi E^Mq — ^ E^Mi 



m 



VI 



Mo '—^ Ml M'q — ^—^ M[ 

We call E'^f the fiberwise or vertical topological (Euclidean) derivative of /. 

1.3. Linearized Euclidean bundle VM. The first step to finding a smooth structure on 
a topological manifold is to impose a linear structure on the tangent Euclidean bundle. 

1.3.1. Linearization. We define a linearization of a Euclidean bundle vr : i5^ — >■ M to be 
the germ along the zero section of a vector bundle structure on E. Since this is a germ, it 
is a structure on the microbundle of £^. A linearization makes the microbundle linear. A 
linearization of E is the same as a lifting of the structure map of E to BGL{n,M): 

BGL{n,R) 

M - — ^ BHomeo{W, 0) 

A linearization of E can also be viewed as an equivalence class [A] of a topological 
microbundle morphism \ -.V ^ E where ^ is a vector bundle over B, two such morphisms 
A : y — 7- i?. A' : V' — 7> i? being equivalent if A = X' o ip for some linear isomorphism 
i{j : V ^^ V' . In particular, V is well-defined up to isomorphism. We call tp the comparison 
map for A, A'. If A, A' are inequivalent linearizations of E, we also get a comparison map 
xp = (A')~^A : V ^ V' which is a nonlinear map germ between vector bundles. 

A linearization of a topological manifold M is defined to be a linearization of its tangent 
microbundle. This is given by a microbundle morphism 

A : VM -^ EM 

for some vector bundle VM. We call the pair (M, VM) a linearized manifold. A fiberwise 
linearization of a topological manifold bundle W ^ B is defined to be a linearization VW 
of the vertical tangent microbundle of W over B. Thus, a homotopy of linearizations of M 
is given by a fiberwise linearization of M x I over I. 

We note that a microbundle morphism A : VM —^ EM carries the same information as 
an exponential map ^u : C/ — )■ M' where U is a neighborhood of the zero section of VM. As 
we remarked already, such a structure exists if M is a smooth manifold. Then we have a 
smooth exponential map (inverse to orthogonal projection in R°°) 

^iM ■■ U{M) -^ M' 

where U{M) is a neighborhood of the zero section in TM. This gives a microbundle 
morphism TM -^ EM making (M, TM) into a linearized topological manifold. We call 
this the canonical linearization of M. 

There is a problem that the topological derivative of a smooth map Mq -^ Mi is not 
covered by a linear map of canonical linearizations. So, instead we use smooth linearizations. 
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A linearization (or fiberwise linearization) A : VAd —^ EM of a smooth manifold M will be 
called smooth if VM has a smooth structure compatible with the linear structure so that 
A is a diffeomorphism in some neighborhood of the zero section. We note that the smooth 
structure on VM is unique if it exists and the comparison map ^ between any two smooth 
linearizations is also smooth. Note that the derivative of ip along the zero section gives an 
isomorphism of vector bundles V ^ V . Therefore, any smooth linearization of a smooth 
manifold is canonically isomorphic to its tangent bundle as a vector bundle. 

Proposition 1.3.1. For any compact sm,ooth m,anifold M , the space of sm,ooth lineariza- 
tions /i : TM — > EM with fixed derivative along the zero section is convex and thus con- 
tractible. D 

Suppose Mq , Ml are smooth manifolds with canonical linearizations Aj : TMi — t- EMi 
and / : Mq — 5- Mi is a diffeomorphism with tangent map Tf : TMq —^ TMi . Then the map 
germs 

Ao, Ef-^ o Ai o T/ : TMo -^ EMq 

are smooth linearizations of Mq with the same derivative, namely the identity, along the zero 
section. Therefore, there is a 1-parameter family of smooth linearizations /U( : TMq — )• EAIq 
all having the same derivative going from fiQ = Aq to /^i = Ef~^ o Ai o Tf. This is an 
example of a (smooth) tangential homeomorphism of smooth manifolds. 

1.3.2. Stabilizing linearizations. Suppose that (M, VM) is a linearized manifold with expo- 
nential map germ fj, : VM -^ M' . Then any vector bundle p : L ^ M will be seen to have 
an induced linearization on the (noncompact) manifold L. We will usually restrict to a disk 
bundle D{L) which is compact. 

We choose an extension L' -^ M' of the vector bundle L to M' and assume we have a 
Gauss map 7 : L' — ?• M , i.e. a continuous map which is a linear monomorphism on each 
fiber. This gives a metric on L' and allows us to take the e-disk bundle D^{L'). Over any 
two points x,y (z M' we also have a linear map between fibers of L': 

T^y ■ Lx ^ Ly 

given by orthogonal projection in M^. When x = y this is the identity map on L^,. 
Therefore, for some neighborhood U of x in M' we get an isomorphism of vector bundles 
7rfj:UxLx = L'\U given by 

7r^{y,w) =7r^{w) eLy C L'\U. 

The vector bundle of the linearization of L induced by VM will be the pull-back p*{VM(B 
L) of the direct sum VM © L. The exponential map on the restriction oi p*{yM © L) to 
the zero section M C L is the map 

Jl : VM ®L^ L 

given on the fiber VxM x Lx over x ^ M hy Jl = tt^ o {fix x id) or 

Jl{v,w) =7r^^(^)(w;) 

for some neighborhood [/ of x in M'. 

Since this construction is continuous on the input data, it also works for vector bundles 
L over fiberwise linearized manifold bundles (M, V^M) over a manifold B to produce a 
linearization of the Euclidean bundle V^M © L over M. 
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Proposition 1.3.2. An extension of this exponential map to all of L exists and is well- 
defined up to homotopy. Furthermore, if M, V^M, L, p, 7 are smooth then JL and its extension 
to L will be smooth. D 

Since M C L is a deformation retract, this follows from the following important lemma. 

Lemma 1.3.3 (Linearization extension lemma). Suppose that W ^ B is a topological 
manifold bundle and K (^ W is a fiberwise deformation retract ofW. Then any lineariza- 
tion V of E'W\K extends to all of W and any two such extensions are homotopic rel K. 
Furthermore, if W, V are smooth, then this extension will also be smooth. 

Proof. Choose a fiberwise deformation retraction rt : W^WofWtoK. Then rt is covered 
by a deformation retraction rt '■ E'W -^ E'W of the Euclidean bundle E'W to E'W\K which 
we can take to be fiberwise smooth in the smooth case and fi gives an isomorphism (fi)* 
between E'W and the pull-back rKE'WlK) of E'WlK to W. U X : V ^ E'W\K is a 
linearization of E'W\K then 

rlV ^^ rl{E^¥\K) ^^^ E'W 

is a linearization of E'W which will be fiberwise smooth in the smooth case and (rt)~^orj (A) 
is a deformation of any linearization A : ^ — t- E'W extending A to this one. D 

1.3.3. Tangential homeomorphisms. Two linearizations of a manifold M are equivalent if 
they lie in the same path component of the space of linearizations of M, in other words there 
is a fiberwise linearization of M x J which agrees with these linearizations at the endpoints. 
Two linearized manifolds are equivalent if there is a homeomorphism between them so that 
the linearization of one manifold is equivalent to the pull back of the linearization of the 
other manifold. We will make these definitions more precise and extend them to manifold 
bundles over B. 

i. tangential homeomorphism 

By a tangential homeomorphism between linearized manifolds we mean a triple: 

(/,y/,/ii) : {Mo,VMo,Xo) ^ (Mi,yMi,Ai) 

where 

(1) / : Mq -^ Ml is a homeomorphism, 

(2) Vf : VMq -^ VMi is a nonsingular linear map over /, and 

(3) fit ■ VMq —7- EMq is a one parameter family of linearizations of Mq going from 
fiQ = Ao to fii = Ef~^ o Ai o Vf: 



VMo VMo — ^ VMi 



Ao=Mo 



Ml 



EMq EMq -—U EMi 

A fiberwise tangential homeomorphism between fiberwise linearized manifolds bundles is 
defined similarly. 

ii. deformation of linearized manifolds 

We will see that a tangential homeomorphism (Mq,VMo) — t- (Mi, VMi) is equivalent 
to a one parameter family of linearized manifolds {Mt,VMt) going from (Mq,VMo) to 
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{Mi,VMi). Then we define two tangential homeomorphisms to be isotopic if the corre- 
sponding paths in the space of linearized manifolds are homotopic fixing the endpoints. 

Suppose that VF — ?• / is a compact manifold bundle over the unit interval together with 
a fiberwise linearization V^W — > E'W. This is equivalent to the one parameter family 
of linearized manifolds {Mt,VMt) where Mt = W\t with linearization VMt = VWlt — > 
EMt = E^V\t. 

Note that a tangential homeomorphism (/, Vf, fit) '■ (Afo; V^o) -^ {Mi, VMi) also gives 
a one parameter family of linearized manifolds 

(MuVMt) = {Mo, fit ■■ VMo ^ EMo) 

going from (Mq, VMq) to {Mi,VMi) if we identify {Mq, VMq, m) = {Mi, VMi, Ai) via the 
isomorphism {f,Vf). 

Conversely, we have the following. 

Proposition 1.3.4. A one parameter family of linearized manifolds {Mt,VMt) gives a 
tangential homeomorphism {Mq,VMo) ~ {Mi,VMi) which is uniquely determined up to a 
contractible choice. Furthermore, all tangential homeomorphisms are given in this way. 

Proof. Since bundles over / are trivial, there exist homeomorphisms ft : Mq — > Mt equal 
to the identity for t = covered by nonsingular vector bundle maps Vft : VMq — >■ VMt 
giving us a one parameter family of linearizations fit '■ VMq — t- EMq making the following 
diagram commute. 

VMq — ^ VMt 

EMq — ^ EMt 

So {Mt, VMt) is isomorphic to {Mi,r]t : VMi -^ EMi) by {gt, Vgt) for every t G I. This in 
turn gives an equivalence of linearized manifolds 

(50, VgQ, rjt o Vgo) : (Mq, VMq) ~ (Mi, VMi). 

The choices that we made are the product structures for bundles over /. The space of such 
product structures is contractible. 

If we start with a tangential homeomorphism and take the corresponding one param- 
eter family of linearized manifolds then this construction recovers the original tangential 
homeomorphism. Therefore, the construction gives all tangential homeomorphisms. D 

Corollary 1.3.5. Every tangential homeomorphism is invertihle. 

Proof. Take the corresponding one parameter family of linearized manifolds and run it 
backwards. Then the composition of the tangential homeomorphism with its inverse is 
isotopic to the identity since the composition of the corresponding path and its inverse is 
homotopic fixing its endpoints to the constant path. D 

iii. example 

Suppose that M^ is a smooth manifold bundle over B which is a topological manifold 
bundle over B x I so that over B x and B x 1 we have smooth bundles Mq — )■ B and 
Ml — > B. Then we will obtain fiberwise tangential homeomorphisms Mq x I —?■ Mi x I and 
Mq X I ^W as bundles over B. 
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(a) The first has the form 

(/, Vj,f4) : (Mo X I,nMo X /)) ^ (Mi x /,nMi x /)) 

with terms defined below. (Note that T^Mq x /) = (TWq ©e^) x / and similarly for Mi x /.) 
Since TV is a bundle over B x I, W is fiber wise homeomorphic to Mq x / over B x I. 
This gives a homeomorphism 

ft:Mo^Mt = 7T~\t) 

of bundles over B and we let 

f = fi X idi : Mo X I ^ Mi x /. 
The smooth structure on W gives a linearization of the stabilized Euclidean bundle of M^: 

Ht ■■ TAV\Mt -^ E^Mt © e^ 

This gives a fiberwise linearization of the bundle Mj x / over B which is smooth for t = 0, 1. 
The one parameter family of linearized manifolds {Mt x I,T^W\Mt x I) gives a fiberwise 
tangential homeomorphism of the stabilizations 

Mo X / ^ Ml X /. 

(b) The second fiberwise tangential homeomorphism Mq x I ^ W over B is given as 
follows. 

First, we add an external collar Mq x [—1,0] to the bottom of W. This gives W'^ = 
W Umo Mq X [—1,0] a bundle over B which is fiberwise diffeomorphic to W. But W~^ has 
a new projection map vr : W~^ — )■ [—1,1]. Let Wt,t G [0,1], be the 1-parameter family 
of topological manifolds given by Wt = TT~^[—l,t]. Since Wt is topologically embedded in 
the smooth manifold bundle W~^ of the same dimension, Wt obtains a linearization from 
the smooth linearization of W~^. The linearization is smooth for t = 0, 1 since Wq, Wi 
are smooth submanifolds of W~^ . This gives a 1-parameter family of linearized topological 
manifold bundles going from Wq = Mq x I to Wi = W'^ = W as claimed. 

1.3.4. Tangential homeomorphism of smooth manifolds. By the discussion in the last sub- 
section, a tangential homeomorphism between two smooth manifolds (with canonical lin- 
earizations) is given up to contractible choice by a fiberwise linearized topological bundle 
over I which is smooth over the end points. We call this a "tangential (topological) con- 
cordance" between the two smooth manifolds. To avoid repetition, we give the formal 
definition only for bundles. 

Definition 1.3.6. By a fiberwise tangential concordance between two smooth manifold 
bundles Mq — > B, Mi — )■ B over the same base we mean a linearized topological manifold 
bundle W —)' B x I so that Wq = W\B x and Wi = W\B x 1 are smooth fiberwise 
linearizations of (the underlying topological manifold bundles of) Mq and Mi. 

When we represent a fiberwise tangential concordance by a fiberwise tangential home- 
omorphism (/, Vf, ^t) we would like to say that we can choose V f : T^Mq — >■ T^Mi to 
be smooth. However, this is not possible without changing the smooth structure of T^Mq 
since V f is a map over the continuous map / which is not, in general, homotopic to a 
diffeomor phism . 

Proposition 1.3.7. If the vertical tangent bundle of Mq is trivial then any fiberwise tangen- 
tial concordance between Mq and Mi is represented by a fiberwise tangential homeomorphism 
(/, Vf, lit) where Vf : T^Mq -^ T^Mi is smooth, using the smooth structure T^Mq = Mi xM*" 
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and the given smooth structure on T^Mi . Furthermore the space of all such tangential home- 
omorphisnis representing the same tangential concordance is contractihle. 

Proof. The space of smooth nonsingular bundle maps Mi x M" — )■ T^Mi over M\ is homotopy 
equivalent to Map{Mi,0{n)) which is homotopy equivalent to the space of nonsingular 
continuous bundle maps Mq x M" -^ T'^Mi over /. D 

In fact, we can choose / : Mq — t- Mi to be a smooth embedding on the core of Mq and 
we can choose Vf to be smooth over that core. 

1.4. Tangential smoothing. Given a linearized topological manifold {Mo,VMq), a tan- 
gential smoothing of {Mq, VMq) is a smooth manifold Mi together with a tangential home- 
omorphism (Mq,VMq) ~ {Mi,TMi). In this section we express this as a point in the 
homotopy fiber of a map between moduli spaces of manifolds with smooth and linear struc- 
tures. 

1.4.1. Space of linearized manifolds. Let S^{n) be the set of all linearized n-manifolds. For 
concreteness, we take these to be triples (M, V, /i) where M CI M°° is a compact topological 
n-manifold embedded in M°^, n : V —^ M is an n-plane bundle over M and fj, : V —^ M' = 
M U C is a topological exponential map. As before, C = dM x (—1,0] is the standard 
external^collar for M. 

Let 5*(n) be the simplicial set whose /c-simplices are continuous A families of linearized 
n-manifolds. This is a space which lies between the moduli spaces S^{n) and 5*(n) in the 
sense that the simplicial forgetful map (p : S,{n) — > 5*(n) factors through 5*(n): 

Siin) 





S^{n) ^- ^Siin) 

The second map ip* : 5*(n) — )■ 5*(n) is the simplicial forgetful map given by projection to 
the first coordinate: il:*{M,V, fi) = M. But, we are mainly interested in the first map 

This simplicial map is defined by taking a A'"' family of smooth manifolds to the underlying 
family of topological manifolds with canonical linearizations. 

1.4.2. Homotopy fiber of if. If we write down the definition it will be obvious that the 
homotopy fiber of tp is the space of fiberwise tangential smoothings of a fixed linearized 
topological manifold. 

Definition 1.4.1. For any linearized topological manifold {M,VM) let Sj {M,VM) be 
the simplicial set whose /c-simplices are fiberwise tangential smoothings of the trivial bundle 
M X A^ ^^ A'^ with fiberwise linearization X x id : VM x A^ ^ EM x A'^. 

Proposition 1.4.2. Sj {M,VM) is the homotopy fiber of the forgetful functor 

if : St{n) ^ Si{n) 

over {M,VM) essoin). D 
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More generally, if (M, V^M) is a fiberwise linearized manifold bundle over B, we can de- 
fine a space S^ (M) of fiberwise tangential smoothings of (M, V^M). This is the homotopy 
fiber of the map 

^.:\St{n)\^^\Sl{n)f 

over the map B — )• 15*(n)| classifying the linearized bundle (MjVA-I). We are interested 
in ttq of this space. However, this set may be empty. We need at least one smoothing 
{MqjV^Mq) to make it nonempty. This smoothing can be used as a base point and the 
other smoothings will be call "exotic (fiberwise tangential) smoothings." 

Definition 1.4.3. If Mq — )• i? is a smooth manifold bundle, then an exotic (fiberwise 
tangential) smoothing of Mq is defined to be another smooth manifold bundle Mi — )• B 
together with a fiberwise tangentially homeomorphism to Mq. 

If ^ is a submanifold of dB and P is a smooth subbundle of M then we define S^ ^{M, P) 

to be the (simplicial) subspace of S^ (M) consisting of fiberwise tangential smoothings of 
(M, V^M) which are equal to the given smoothing on P U Ma where Ma = p~^{A). 



1.4.3. Stabilization. By stabilization we mean taking direct limit with respect to all linear 
disk bundles. In particular we re] 
stable tangential smoothing space 



disk bundles. In particular we replace the tangential smoothing space iS^^(Mo) with the 



s%^a{Mo) ■■=\^^s%'^A{m)) 

where the direct limit is with respect to all linear disk bundles ^ over Mq. 

Stabilization is used to make the vertical tangent bundle trivial. We take the disk bundle 
D{u) of the vertical normal bundle v, the stably well-defined complement for the vertical 
tangent bundle. If we replace Mq with D[u) x D^ with corners rounded then this new Afg 
has a smooth spine Jq = D{u)~ (where the ( )~ indicates removal of a small open collar 
neighborhood of the vertical boundary of D{u)) which is a smooth manifold bundle. It has 
a core Kq which is fiberwise diffeomorphic to Mq and whose complement Mq — Kq is an 
internal collar neighborhood of the fiberwise boundary O'^Mq. Thus Mq — Kq is diffeomorphic 
to(9^Mo X [0,1). 

i. corners 

There is one problem: We need to know that corners can be rounded off in a canonical 
way. But, for our purposes, this is easy since any two ways of rounding off corners will 
clearly be tangentially homeomorphic and we have the following lemma. 

Lemma 1.4.4. Let Mq,Mi be two smooth bundles over B which are fiberwise diffeomorphic 
over A C dB and which are also fiberwise tangentially homeomorphic relative to A. Then 
their tangential smoothing spaces relative to A are simplicially homotopy equivalent: 

5^/"^(Mo):^5^/l(Mi). 

Proof. The fiberwise tangential homeomorphism Mq — t- Mi gives a one parameter family of 
linearized topological manifold bundles Mt going from Mq to A/i which we view as a path 
in the space of linearized topological manifolds. 

A point in 5^^(Mo) is a smooth bundle M' together with a fiberwise tangential home- 
omorphism with Mq. Composing this with the given fiberwise tangential homeomorphism 
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Mq -^ Ml we get a point in <S^^(Mi). The inverse niorphisni give a siniplicial map the 
other way 5^^(Mi) — > 5^^(Mo) and the composition is the identity by Corollarv ll.3.51 D 

One important example was given in subsubsubsection ll.3.3l fiii). Given a smooth bundle 
W ^ B which fibers topologically over i? x / in such a way that the inverse image of i? x 
and B X 1 are smooth bundles Mq and Mi, then W defines a tangential homeomorphism 
Mq X / — )■ Ml X /. In other words Mi x / becomes a point in the stable tangential smoothing 
space of Mq . We denote this by 

top{W) = MixI £ S%^a{Mq) 

This is represented by Mi in the sense that Mi and top[W) = Mi x / are stably equivalent. 

ii. flat sides 

Stabilization can also be given by the simple process of taking products with disks: 

S%^a{Mq) = Imi^^/jiCMo X D") 

The reason is that trivial disk bundles are cofinal in the directed system of all disk bundles 
over Mq. Since corners are not a problem, we can also use cubes I"^ instead of disks D^. 

Another cofinal system is given by the space of tangential smoothings W of Mq x /" x / 
which are "flat" on Mq x /" x in the sense that the tangential homeomorphism 

(/, Vf) -.MxTxI^W 

is induced by a tangential homeomorphism 

(5o/,^^5o/):Mx/"x0^9oW^ 

in a neighborhood of M x /" x 0. This is only a restriction on the tangential map V^f 
and homotopy //" since any homeomorphism / as above induces a homeomorphism 5o/ on 
M X /" X 0. The "flatness" condition is that the maps 

^\ : V\M X r X I) ^ V\W) 

should send V\M x T x 0) to V^doW). 

It is easy to see that "flat on one side" smoothings form a cofinal system. When we pass 
from a smoothing of 14^ to a smoothing of VF x / we always have a tangential smoothing 
which is flat on one side (in fact on both sides). Similarly, when we stabilize "flat on one 
side" smoothings we first forget the flatness on one side then take the product with an 
interval. 

iii. smoothness of the boundary 

Finally, we need the fact that, after stabilization, tangential smoothings of M which 
are fixed on the vertical boundary d^M give the same thing as those which don't fix the 
boundary. We will formulate this more precisely and prove it in the next section. 

Suppose that dB = OqB U diB where OqB and diB meet along their boundary OOqB = 
ddiB. The boundary of the total space M is equal to dM = BqM U diM where SqM = 
d^M U MqqB be the union of the vertical boundary 5^M of M and the restriction Mq^b of 
M to SqB and diM = Mq^b- 

Recall that S^ q ^(M, 3^Af) is the space of tangential smoothings of M which are fixed 
on OqM. (Def. [TXS]) This is a subspace of S%'^q^j^{M). 
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Proposition 1.4.5. After stabilization we get a homotopy equivalence: 
lim5^/"g,,5(Z)(M),Z)(5^M)) c^ Iim5^/J^^ (Z?(M)) 



->■ 



where both limits are with respect to all linear disk bundles D{A'I) over M and D{d'^M) is 
the restriction of D{M) to d^M. 

1.5. Smoothing theorems. Given a smooth bundle p : Mq — ?• B and a smooth subnian- 
ifold A of dB, we would like to determine the set of all isotopy classes of exotic fiberwise 
smoothings of Mq which are equal to the given smoothing over A. By definition this is ttq 
of the space 5^^(Mo) of all tangential smoothings of Mq: 

{f,Vj,f4) : (Mo,r>/o,Ao) ^ (Mi,rWi,Ai) 

which are trivial over A. This lies in the null component of iS^^(Mo) if and only if / : 
Mq — >■ Ml is isotopic to a fiberwise diffeomorphism and /i^ is isotopic to a family of smooth 
fiberwise linearizations of Mq. 

When we stabilize Mq will contain a core Kq which is Mo minus an internal fiberwise 
collar and a spine Jq which is a high codimensional submanifold of Kq. Thus Kq will 
be a smooth manifold bundle diffeomorphic to Mq and both Kq and Jq will be fiberwise 
deformation retracts of Mq. 

It will follow from standard immersion theory that (/, V^f) is isotopic to a smooth 
embedding on the core Kq in such a way that fi^ becomes isotopic to a smooth linearization 
over the core. What will remain is the question of smoothability of the internal collar. The 
extension of the smooth linearization is automatic by the linearization extension lemma 
11.3.31 So we have a classical smoothing problem whose obstruction space is well known to 
be a homology theory. 

1.5.1. Smoothing of disk bundles. We will go over the simplest example: disk bundles. 

i. the problem We are given two smooth bundles Mq,Mi over B with fiber D", a smooth 
re-dimensional disk, which are fiberwise diffeomorphic over a submanifold A oi B and a 
fiberwise tangential homeomorphism 

{f,Vj,fit) ■■ {Mq,TMq,\q) ^ (Afi,T^Afi,Ai) 

which agree with the given diffeomorphism over A. We want to find an isotopy of / rel A 
to a diffeomorphism over S in a way compatible with the tangential data given by V^f, ii\. 

ii. spines and cores 

The first step is to choose a spine. The spine of a disk is any interior point and the spine 
of a disk bundle is any section which lies in the interior. Let sq,si be smooth sections of 
Mo,Afi with images Jq,Ji in the fiberwise interiors so that si = f o sq over A. We will 
choose a small standard disk bundle neighborhood Kq of the image Jq of sq. 

Next, we deform / : Mq — > Mi so that it takes Jq to Ji. Since the fibers are contractible, 
the sections si and / o sq of Mi are homotopic rel A. We can use the topological ambient 
isotopy theorem to extend this to an isotopy of / rel ^ to a homeomorphism taking Jq to 
Ji. (However, this example of the ambient isotopy theorem is an easy exercise.) 

Lemma 1.5.1. Any topological isotopy of f rel A can be extended to V^f and ^\ to give 
an isotopy of the tangential homeomorphism {f .,V^ f , ijl\) . 
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Proof. Consider the tangential homeomorphism as a l-parameter family of linearized man- 
ifolds {Mt,VMt, fit) together with a family of homeomorphisms ft : Mq — )• Mt which is 
the identity onBxOUAxI. To prove the lemma we take the same family of linearized 
manifold bundles with a new family of homeomorphisms. D 

iii. extending the smooth structure to the core 

Let (MtjV^Mt, Ht, Jt) be the l-parameter family of linearized manifolds over B with a 
given choice of spine which is smooth over BxOUAxIUBxl. 

Let Vt = VMtlJt, Et = E'^Mt\Jt considered as bundles over B and let jit '■ Vt ^ Et the 
microbundle isomorphism given by the restriction of fit : V^Mt — )• E^Mt to Jj. Then Vt 
will be a vector bundle over B and Et will be a Euclidean bundle over B which is fiberwise 
homeomorphic to a neighborhood of Jt- Since continuous isomorphisms of smooth vector 
bundles are isotopic to smooth vector bundle isomorphisms, we can choose a family of vector 
bundle isomorphisms Vq = Vt which is the identity for t = and smooth for t = \ and we 
can do this relative to A. This gives a smooth structure on Vt for all t which agrees with 
the smooth structure over A and over the endpoints. 

Using the microbundle isomorphism fit '■ Vt —^ Et we get a family of smoothings for 
a neighborhood of Jt in Mt which is compatible with V^Mt over Jt. By definition, fit 
will be a smooth linearization of Et. By the linearization extension lemma [1.3.31 we can 
extend this to a new fiberwise linearization of Mt which is smooth in a neighborhood of Jt 
(and everywhere where it was already smooth). Furthermore this new linearization will be 
isotopic to the old one. 

iv. smoothing the collar 

The situation is the following. We have a l-parameter family of linearized manifold 
bundles {MtjV^Mt, fit) together with a smoothing over the core Kt which is a disk bundle 
in the interior of Mt. We also have a smoothing over BxOUAxIUBx 1 which is 
compatible with the linearization. 

The key point is that smoothing is excisive (Proposition ll.l.3p . Therefore, we may 
remove the interior of the core Kt- If we stabilize Mt once more, replacing it with Mt x 
[—1, 1], we will have the smooth subbundle Kt x [—1,0] which meets the boundary. Then, 
after excising the interior of this new subbundle and rounding off the corners, we get Mt x 
[—1,1] — int Kt X [—1,0) which is a topological /i-cobordism bundle over B whose fibers are 
/i-cobordisms of D" and therefore homeomorphic to D" x / which have a smooth structure 
on the base -D" x and sides dD" x I and over BxOuAxIUBxl. 

This can be rephrased as follows. We have a continuous mapping of pairs 

{BxI,BxOuAxIUBxl)^ {Cob\D'"),Cob'\D'')) 

where Cob^{M) is the space of topological /i-cobordisms W C R°° of M which are fixed on 
the base M x and the boundary, dM x I and Cob (M) is the space of pairs {W, a) where 
W G Cob^{M) and a is a smoothing of W which agrees with a fixed standard smoothing 
on M X U dM x I. These spaces are topologized as geometric realizations of simplicial 
subsets of 5* (n -I- 1) and S'^{n + 1). 
We use the following facts: 

(1) Cob*{D'^) is contractible by the Alexander trick. 

(2) Cob {D"') is an n-fold loop space since it has an action of the little n-cubes operad. 

(3) The smooth structure is fixed over B x 0. 
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Therefore, we can trivialize the smooth structure over B x hy multiplying by its inverse. 
The smooth structure over A x I can also be made trivial in homotopy unique way. The 
map to Cob {D^) contains no homotopy information. So, we are reduced to a map 

B/A -^ Coh'^{D'') 

where B/A means smashing A to a point. 

Theorem 1.5.2. If Mq is a smooth disk bundle over B and A is a submanifold of B then 
the space of stable fiberwise tangential smoothings of B rel A is homotopy equivalent to the 
space of all pointed maps 

B/A -^ n{*) 

where 

U{*) :=colimCo6'^(D") 

is the stable smooth h-cobordism space of a point. D 

V. higher torsion calculation 

We use the well-known fact that T-L{*) is rationally homotopy equivalent to BO. This 
was first shown by Farrell and Hsiang and later Hatcher gave an explicit map G/O — t- T-L{*) 
and conjectured that it was nontrivial. This was first proved by Bokstedt and later by Igusa 
using higher Reidemeister torsion. See [15j for an elementary explanation of this. 

We note that S^ ^(5,0) is the space which classifies stable exotic smooth structures on 
linear disk bundles over B which are trivial over A. (B ^ B is the unique D^ bundle over 
B with trivial vertical tangent bundle 0.) The theorem shows that 

SI,^AB)c^Map{B/A,n{*)). 

Corollary 1.5.3. ttqS^ y^{B) is an abelian group and we have an isomorphism 

r^K : t:oS%^a{B) ®^^^H^\B,A- M) 

fe>0 

given by sending any smooth disk bundle E ^ B which is linear over A and any tangential 
homeomorphism of E to a linear disk bundle to 

tI^(£) = Y,r'i{E) € ^H'\B,A-^) 

k>0 

We note that t^^{E) ignores the tangential data. If we took a different axiomatic higher 
torsion theory (such as the nonequivariant higher analytic torsion) we would need to sub- 
tract the higher torsion of the linear bundle for which E is an exotic smooth structure. 

1.5.2. immersion theory. We are now looking at a stabilized exotic tangential smoothing 
{W, VW) of the bundle Mq — )■ B which is given by a tangential homeomorphism (/, V^f, fi) 
between the two smooth bundles Mq, Mi over B. After stabilizing Mq has a high codimen- 
sional spine Jq which is a smooth submanifold bundle of the fiberwise interior of Mq which 
is a fiberwise deformation retract of Mq. Furthermore Jq can be chosen to have trivial 
vertical normal bundle in Mq. We also have a core Kq. In this case we choose Kq to be a 
small tubular neighborhood of Jq. We also need to assume that Jq contains a submanifold 
bundle Pq so that / is already a smooth embedding in a neighborhood of Pq and W is 
smooth in a neighborhood oi Pq x I U Wa where A is a submanifold of B. 
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By standard immersion theory ([13j.p!2]). there is a fiberwise immersion g : Kq —^ A'li 
over B which is regularly fiberwise homotopic to (/, V^f) restricted to Kq. Since the spine 
has a high codimension, we have by transversality that g is an embedding on Jq. By 
replacing the core Kq with a smaller core we may also assume that g is an embedding on 
Kq. We may also assume that g is equal to / in a neighborhood of Pq and over A. 

Immersion theory tells us that that /, g are fiberwise homotopic (fixing a neighborhood 
of Pq) by a one parameter family of continuous maps ht '■ Kq — > Mi over B rel A and the 
fiberwise derivative T^g : T^Kq -^ T^Mi is homotopic through nonsingular linear maps V^ht 
to the vector bundle map Vf . Given any e > we can choose the immersion g and the 
homotopy ht to be within e of / and that ht = f = g over A and near Pq for all t. 

Proposition 1.5.4. After stabilization, we can choose [ht^V^ht) so that ht : Kq — )• Mi is 
a fiberwise topological embedding for all t € I. 

Proof. First, we can reduce the structure group of the linear bundle VW over W to 0{n). 
Then we get a linear e-disk bundle D^W over W which, as a bundle over B x I, is linearized 
with vertical Euclidean bundle isomorphic to V^W ® V'W. This is a stabilization. So, it 
suffices to prove the theorem for D'W. 

The idea of the proof is the following. The interior of the disk bundle D'W is homeomor- 
phic to the total space of the vertical tangent Euclidean bundle E'W. So, the corresponding 
tangential homeomorphism, when restricted to the core of D^Mq, is given by the topological 
vertical derivative E'^f of /. The topological derivative E^g of 5 is a smooth embedding. 
Therefore, it suffices to show that E'^f and E'^g are homotopic through fiberwise topological 
embeddings. 

The total space of E^Kq is the set of all pairs (x, y) in the same fiber of Mq over B so 
that X € Kq and y € B'^(x) where B'^(x) is the open e-ball neighborhood of x in the fiber 
of Mq — > B. Inside of this space we have the following two subspaces where 6 « e is the 
number so that Kq = L2S where L^ the open w-neighborhood of the spine Jq: 

Us = {(x, y) G E^Kq \x(£Ls, d{x, y) < 5} 

U5/2 = {{x, y) G E'^Kq I y G L5/2, d(x, y) < 6/2} 

Then Us/2 ^ Us. We will show that the restrictions of E'^f,E'^g to Us/2 are isotopic and 
that the isotopy agrees with the given homotopy. 

The embedding E^f maps {x,y) G Us to (/(x),/(y)) G E^Mi by definition. For every 
fixed x G L5, this mapping sends x x Bs{x) to f{x) x E^fx{Bs) by the mapping E'^fx {E'^f 
restricted to the fiber of E^Mq — >■ Mq over x) on the second factor. But the homotopy V^ht 
is an isotopy from E^f to E^g. Therefore, the embedding E^f is isotopic to the embedding 
which sends x x Bs{x) to f{x) x E^gx{Bs) by the mapping E^gx on the second factor. 

By definition of E^g, this new embedding is 

f xg:{x,y) ^ {f{x),g{y)). 

So, E'^f\Us is isotopic to (/ x g)\Us. By the same argument, E'^g\Us/2 is isotopic to (/ x 
g)\Us/2- Since Us/2 ^ Us, we get an isotopy from E^f\Us/2 to E'^g\Us/2- And this isotopy 
will be fixed near Pq and over A. As was already shown, these are the stabilized versions 
of / and (7 on a small tubular neighborhood of the spine of Mq. So, we are done. D 

1.5.3. smoothing of the core. 
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Theorem 1.5.5. There is no stable obstruction to finding a smoothing of the core of W . 
I.e., after stabilizing, the one parameter family of linearized topological manifolds bundles 
{Mt,V^Mt, i^l) has a smoothing compatible with the linearization in some tubular neighbor- 
hood of the spine Jt- Furthermore, this smoothing will be equal to the given smoothing of 
W on Pq X I L) Wa if W is already smooth on this set. 

Remark 1.5.6. By replacing B with B x I and A with A x I U B x {0,1}, we conclude that 
the smoothing of the core is unique up to homotopy. 

Proof. By the proposition above, we may assume that this 1-parameter family of linearized 
manifolds is given by a tangential homotopy equivalence {f,V^f,ii\) where Mq,M\ are 
smooth manifold bundles over B which are diffeomorphic over A and / : Mq — >• Mi is 
a smooth embedding on the core Kq and V^f is the vertical derivative of / along Kq. 
Returning to the 1-parameter family of manifold bundles {Mt,V^Mt), this implies that we 
have a continuous family of submanifolds Jt Q Mt which are smooth submanifolds for 
t = 0, 1 and these submanifolds have tubular neighborhoods which have product structures: 
Kt — J^ X D". where J^' is Jt with an external closed collar attached. 

After stabilization, we may assume that the vector bundle V^Mt is trivial: V^Mt = 
Mt X Mr^^ where k is the dimension of the fiber oi Jt ^ B . The vertical tangent Euclidean 
bundle will also be trivial: E^Mt = Mt x M "'"" and the linearization is given by a family 
of microbundle morphisms /ij : V^Mt — )• E^Mt which is smooth for t = 0, 1 and on the 
restriction of V^Mt to V^Kt. This is equivalent to a family of mappings 

/2i : Mt -^ Homeo{R''+'') 

By the first lemma below, we can assume, after stabilization, that this map has image in 
the subgroup of all homeomorphisms of M "''" having the form g{x, y) = [x, gx{y)), i-e., they 
are M families of homeomorphisms of M". 

Along Jj the spine with an open external collar, we now have a linearization 

fit : VMtlJl ^ j; X M^+" -^ E''Mt\J't = J't x M'=+'^ 

which commutes with the projection to J/ x M^. Now restrict this to the fiber over J/ x 0. 
This gives a family of linearizations 

?7 : j; X M" ^ j; X M" 

This is a map from a smooth linear bundle to a Euclidean bundle which, by the topological 
exponential map is homeomorphic to a neighborhood of Jt in Mt. We can use this map 
to change the smooth structure in this neighborhood so that ry is a smooth map. By the 
second lemma below, we can deform the original linearization to a linearization which is 
smooth in a neighborhood of the spine. This will contain a somewhat smaller core but it is 
enough to prove the theorem. D 

It remains to prove the two lemmas used in the theorem. 

Lemma 1.5.7. The image of the stabilization map a : Homeo{Mr~^^) — )■ H omeo{M. ~^^~^ ) 
given by a{f){x,y, z) = {f{x,y),z) can be deformed into the subgroup of all homeomor- 
phisms of]R.~^^~^ having the form g{x,y,z) = {x,gx{y, z))). Furthermore this deformation 
will always send smooth maps to smooth maps. 
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Proof. The deformation is given by rotation. Let pg be the hnear and thus smooth auto- 
morphism of M^+"+^ given by the matrix 

(cos ^/fe 

sin 6 Ik 

Then, pQ o a{f) o p_g, < < 7r/2 is the desired deformation. D 

Lemma 1.5.8. Let G he the subgroup of Homeo{M.^^'^) consisting of homeomorphisms g 
having the form g{x, y) = (x, gx{y)) and so that gQ is a smooth diffeomorphism. Let Gq he the 
suhgroup consisting of diffeomorphisms of M +" which lie in G. Then Gq is a deformation 
retract of G. 

Proof. This is given by the Alexander trick: 

9\x,y) = {x,gtx{y)) 

for < t < 1. If g is smooth then so is 5*. D 

1.5.4. ignoring the houndary. We are now ready to prove Proposition II. 4. 5] which says that, 
after stabihzation, smoothings which are fixed on the vertical boundary and those which 
are not form homotopy equivalent spaces. The reason is that, after rounding corners, the 
core is diffeomorphic to the union of the core with the stabilized vertical boundary. So, 
after smoothing the core we cannot distinguish between the two spaces. 

First, we use the "flat on one side" observation (subsubsection I1.4.3P to stabilize and 
have a flat side d^W C W which is tangentially homeomorphic to D{M) x C D{M) x / 
where D{M) is a linear disk bundle over M. On the flat side we can make / smooth on 
the core Kq x using the theorem above. (Equivalently, we can smooth the core of D{M) 
and then stabilize to get a smoothing of Kq x / and then forget the smoothing on all but 
Kq X 0. However, uniqueness up to homotopy of this second method is not as easy to see.) 

By construction of the core Kq, the complement of Kq in D{M) is a product of d^D{M) 
with an interval. Therefore, the pair (D(M)xI, Kq) is, after rounding corners, diffeomorphic 
to {D{M) X I,D{M) X 0) and {W,Kq) is a tangential smoothing of that pair. If we apply 
the same construction to a tangential smoothing of D{M) x I which is fixed on D(d^M) x I, 
we make the homeomorphism / smooth on D{d^M) x I^JKq x where Kq is a neighborhood 
of the spine Jq = M which is the zero section of the disk bundle D{M). But D{d'^M) x / is 
a disk bundle over d^M x / which is an external collar for M and Kq is a disk bundle over 
M of the same dimension. So, together they form a disk bundle over M with an external 
collar (after rounding corners). Thus there is a diffeomorphism of D{M) x / with corners 
rounded which takes D{d^M) xIUKq x / to D{M) x 0, making the two stabilized tangential 
homeomorphisms equivalent. This proves the following extension of Proposition 11.4.51 

Theorem 1.5.9. After stahilization we get homotopy equivalences: 

l\mS]i$^^iDiM),D{d'M)) ^ \\mS'j!^^j,{D{M)) c^ lim^l/'g^^ (Z)(M) x I,D{M) x 0) 

where all three limits are with respect to all linear disk hundles D{M) over M and D(d^M) 
is the restriction of D(M) to d^M . 

We removed the tilde from the last version of stabilization since, by the linearization 
extension lemma [1.3.31 the linearization of a smoothing of (D{M) x I,D{M) x 0) is unique 
up to contractible choice. 
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1.5.5. little cubes operad. Using the third form of stabihzation given in the theorem above, 
we can see the infinite loop space structure on the stabihzed smoothing space S^ q^^^{M). 
Recall that the space Ck{n) of k little n cubes in J" is given by k disjoint embeddings 
yi : I^ ^f /" which are given by affine linear maps yi{x) = aiX + bi where at are positive 
real numbers and bi ^ I"^. 

a : Ck{n) x ^^^^(/^(M) x P+\D{M) x /")'= ^ 5^/J^^(Z)(M) x r+\D{M) x P) 

a{y- Wu--- ,Wk) = D{M) x r+^ Uy JJ Wi 

where the base of each Wi is attached to the top of D{M) x /"+i using the map 

iD(Af) X yi : doWi = D{M) x J" x ^ D{M) x /" x 1 

and the resulting corners are rounded. 

There is an easier way to describe the addition operation in the case when the supports 
of the exotic smooth structures are disjoint. An element of S^q ^{M,C) is said to have 
support in the closure of the complement of C in M. 

Proposition 1.5.10. The addition operation on the stable smoothing space S^ q ^{M) 
given by the little cubes operad action described above is given unstably on smooth structures 
on M with disjoint supports Si 'Z M — d^M by W = ^ Wi which is equal to M in the 
complement of ]J Si and equal to Wi on Si . 

We will only apply this proposition to the group structure on ttq^^ q ^(-/Vf ). 

Proof. We will prove that the following diagram commutes up to homotopy for any y € 
Ck{n) where Ci is the closure of the complement of Si in M. 

n st!a,B{M, Ci) ^- 41b(a^> n Q) 



Note that, except for S, these maps are only defined up to homotopy. 

Suppose that {Mi) is an element of the upper left corner. Thus Mi is a tangential 
smoothing of M over {B, BqB) with support in Si. If we stabilize by taking a product with 
a disk, we get Mi x D^ x / which is a smooth structure on M x D^ x / with support in 
Si X D^ X /. Using the smoothing of the core on one flat side argument explained in great 
depth in this section, we make the tangential homeomorphism smooth on the core which is 
equivalent to Si x D^ x 0. By conjugating by a smooth isotopy (after rounding corners) we 
can make the tangential homeomorphism smooth on Si x [D x OUdD x I). Call this new 
bundle Wi with base d^Wi = M x D x 0. At this point we can use by the linearization 
extension lemma [1.3.31 which implies that the linearization is unique up to homotopy and 
therefore can be ignored. This brings us to the lower left corner of the diagram. 

The little cubes operation now produces the smooth bundle 



M X D^ X I UyY[Wi 
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Since Wi has bottom and sides equal to M x [D x U dD x J), we can lower Wi into 
M X D'^ X I to make 



M X D^ X I-JJm X yi{D^) x / U ]J Wi 



This is a family of smooth bundles giving a homotopy of the mapping from the upper left to 
the lower right of our diagram. Since this new smooth structure on M x D^ x I has support 
in the union of Si x yi{D^) x I and the Si are disjoint, we can expand the embeddings 
yi : D^ — )> D^ until they are the identity and obtain an isotopy of the structure. The result 
is a smooth structure on M x D x I given by Wi on Si x D x I which is a description of the 
stabilization of ^ Mi. So, we have shown that the diagram commutes up to homotopy. D 

1.5.6. Morlet's Theorem. Since D[M) can be chosen to have a trivial tangent bundle and 
can be stabilized by taking a limit with respect to all trivial disk bundles, we can now 
use the following theorem of Burghelea and Lashof which follows from Morlet's comparison 
theorem. (See [5], [6l Thm H].) 

Theorem 1.5.11. Let X he a compact smooth manifold with trivial tangent bundle. Then 
the space of stable smooth structures on X x I equal to the standard smooth structure on 
X x U dX X I is a homology theory in X . 

Let n"'{X) denote this homology theory of X. This is the homology theory associated 
to the spectrum of T-L{*): 

n^\x) = n^{x+An{*)). 

(See the section on homotopy theory below.) Then the theorem above together with the 
smoothing of the core theorem gives the following. 

Corollary 1.5.12. Let X x D^ — > D^ be the trivial bundle with fiber X . Then 

s'^,,.,^,{x X D^) ^n''n°''°{x) 

Taking k = we see that 

-H^°(X)^5^(X) 

is the space of stable tangential smoothings of X. We can extend this calculation to the 
general case using the following lemma. 

Lemma 1.5.13 (fibration lemma). We have a fibration sequence: 

Proof. If we choose a collar neighborhood C of d^B in B and a topological product structure 
Mc — Mq^^b X L we can easily extend deformations of smooth structures of M over OqB to 
deformations (with support in Mc) of the smooth structure of M. D 

Prom the basic case given in Corollary 11.5.121 and the fibration lemma the general case 
will easily follow: 

Theorem 1.5.14 (main smoothing theorem). Let W ^ B be a compact smooth manifold 
bundle. Then we have a natural homotopy equivalence 

IW: Sh^aoBiW) 0:^TB,9oBn'^^iW) 

where T-L^i^) ^-^ ^^^ fiberwise Ti™ homology bundle of W over B, i.e. the bundle whose 
fiber over b & B is 1-1"° (Wi,) where Wb = p~^{b). 
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Remark 1.5.15. Since the fibers oiJi^lW) — )■ B are infinite loop spaces and 'H(*) has finite 
type [8], this implies that ttoS^ q^{W) is a finitely generated abelian group. 

Proof. Choose a smooth triangulation of B so that OqB and diB are subcomplexes. Let A 
be a subcomplex of B containing the k — 1 skeleton and let a be a A; simplex of B. Then 
we have a mapping between two fibration sequences: 



S^Q^iW^) S%^^{WAUa) S%{W^ 



A 



We use the excisiveness of smoothing to identify S\^^ ji^iW avjo) = S^Q^iW^j). Since a is 
contractible, W^ is a product bundle W^ = a x W^. So, a is a homotopy equivalence by 
Corollary 11.5.121 If 7 is a homotopy equivalence then /3 will be a homotopy equivalence. 
Therefore, by induction on the number of simplicies, S^{W) ~ TbT~{-^{W). Another map 
of fibration sequences proves the relative version stated in the theorem. D 

1.5.7. Stratified smoothing theorem,. We will use the following trivial observation to extend 
the main smoothing theorem to the "stratified" case. 

Lemma 1.5.16 (additivity of smoothing). Suppose that Ei are disjoint smooth bundles 
over B. Then 

The basic case of the stratified smoothing theorem is the following. Suppose that M is a 
smooth bundle over B and £■ is a codimension subbundle of M which is a disjoint union 
of bundles: E = \[Ei. Then clearly, 

5^/J^ {E, d^E) - S%%^ (M, C) C S%%^ (M, d^M) 

where C is the closure of the complement of E in M. 

By naturality of the homotopy equivalence jei^m we get the following. 

Lemma 1.5.17. After stabilization the homotopy equivalences "fE^lM given by Theorem 
1.5.14] are compatible with inclusion in the sense that the following diagram commutes. 



c 

%9oW^rB,9o^l(M) 

We need to extend this lemma to the case when E is replaced with a stratified subbundle 
E oiW . In that case the space S^{E ) and the bundle TLq{E ) take new meanings which 
we now explain. 

Definition 1.5.18. Suppose that VF is a smooth bundle over B and we have a smooth 
triangulation of B so that OqB \s a, subcomplex. Over each simplex a oi B, suppose we have 
a smooth codimension-0 compact manifold subbundle E^ C W^. Since a is contractible, 
E„ = F X a for some compact manifold F. Suppose that Ej- C E^^ for all t Q a. Suppose 
also that Et- is empty for all r C OqB. For example, we could let E^,- = if r C OqB 
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and E^ = W„ otherwise. (In general, E^- C E^\t.) We let E (1 W he the union over 
all simplices a of the restriction of E„ to the interior of a. We say that E is a stratified 
suhhundle of W . 

Let S^{E ) be the subspace of <S^ g {W) of all tangential stable smoothings of W which 
have support in the interior of E„ over the interior of each simplex a. For example, ii B = a 
is single simplex and OqE = da then S^{E^) = S^q^{E) since E^\da is empty ("deleted" 

from E). Since the complement oi E inW is fixed, S^{E ) is isomorphic to the space of 
stable tangential smoothings of E which are fixed over any "deleted" simplex and on the 
vertical boundary d'^E of E. 

Let T-l/^{E^) denote the stratified subbundle of n^{W) which is equal to '}i^{E^) over 
the interior of every simplex a. 

Theorem 1.5.19 (stratified smoothing theorem). Suppose that E is a stratified subbundle 
ofW. Then we have a homotopy equivalence 

^E,:S%{E')c^TBn''^i{E'). 

with terms defined above. 

Proof. The argument is the same as in the main smoothing theorem ()1.5.14p . but it is short 
and worth repeating. Let ^ be a subcomplex of B containing the k — 1 skeleton and let a 
be a A:-simplex. Then we have a mapping of fiber sequences: 

S^aaiE.) -51u.(^iuJ -S%{E'a) 

T^^aa-W^iE.) VAyjaU'^^iE^) TaH'^^{E^) 

a is a homotopy equivalence by the main smoothing theorem and 7 is a homotopy equiv- 
alence by induction on the size of A. So /5 is a homotopy equivalence and the stratified 
smoothing theorem follows. D 

We are interested in the following special case. Suppose that L is a compact smooth 
g-manifold {q = dimi?) with dL = OqL U diL where OqL, diL meet along a corner set ddL. 
Suppose that A : L ^^ i? is a smooth immersion with image disjoint from OqE so that 
X~^{diB) = diL and X{doL) meets dB transversely along X{ddL). (See Figure[TJ) Assume 
that the immersion A is self-transverse, so that there exists a smooth triangulation of B for 
which the number of inverse image points in L is constant on each open simplex. 

Definition 1.5.20. Let tt : -E ^ L be a compact manifold bundle with the same dimension 
as W. Then, by a stratified embedding-immersion pair (or simpley stratified embedding) 
we mean a smooth codimension embedding X : E —^ W together with a codimension 
immersion A : L — )■ i? as given above, making the following commuting diagram. 

E^^W 



L—^B 
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Figure 1. In this example, L is a square and X : L ^ B maps diL = two 
opposite sides into diB. The diamond shaped region is covered twice by 
A(L). 



Given a stratified embedding-immersion pair (A, A) : i? — >■ W, it fohows from the defini- 
tion that X~^ {WQ-^^B) = Eq^i. Also, the image in W of the complement of EQ^-^l in £■ is a 
stratified subbundle of W over B with respect to a suitable triangulation of B. Call this 
image E . A fiberwise smooth structure for E over L which is equal to the given smooth 
structure over d^L is equivalent to a fiberwise smooth structure on W with support in E : 

SlQSE) = S%{E')^S%^a,{W) 

This implies that 

TL,d,n'^l{E) ^ TBU'^iiE') C TB^a.Bn'^iiW) 

So, we get the following key result which is the extension of Lemma ll.5.17l to the stratified 
case. 

Corollary 1.5.21. // {\, X) : E —> W is a stratified embedding and E^ C W is the cor- 
responding stratified subbundle then the homotopy equivalences 'j^s of Theorem \1.5.19\ is 
compatible with the homotopy equivalences 'JEjIw of Theorem 1.5.14\ I-e., the following 
diagram commutes. 



^L,doL 



IE 



[E) 



S%{E') 



Sh,aA^) 



IpS 



Iw 



/% 



%l 



TL,aoLn'£{E) -^ Tsn'^iE') ^- TB,doBn'^{w) 

We observe that both S^{E ) and T bT-Lb^E ) are independent of the decomposition 
dB = doB yj diB as long as BqB is disjoint from the image of A : L — t- S. 

2. Homotopy theory 

The computation of 7rors,ao_B'H^(M) (g) M is an exercise in elementary homotopy theory 
which we will now explain. First we need to recall the definition of generalized homology. 

2.1. Review of generalized homology. We assume that all our spaces are Hausdorff and 
homotopy equivalent to CW-complexes. Suppose that G is a prespectrum, i.e., a collection 
of pointed spaces Go,Gi,--- and pointed maps SG„ — > Gn+i (which is equivalent to a 
pointed map Gn -^ OGn+i). Then, for any pointed space X, we get another prespectrum 
X A G with n-th space X A Gn since T,{X A G„) = X A T,Gn- Two prespectra are considered 
to be the same if the spaces Gn and structure maps SG„ -^ Gn+i agree for sufficiently large 

30 



n. Therefore, Gn need only be defined for large n. We assume that Gn is n — 1 connected 
for large n. 

If ^ is an TTi-dimensional vector bundle and e is the trivial /c-plane bundle over the same 
base space then the Thom space D{£, © e'')/S{S, e'^) of ^ e'^ is the /c-fold suspension 
of the Thom space D{^)/S{^) of ^. Define a prespectrum T(^) starting in degree m so 
that T{^)m+k = D{S, e'^)/5(^ e'^). This is the suspension spectrum of the formally 
desusp ended usual Thom space: 

no = s-'"i?(o/s(6 

It is well-defined on the stable vector bundle associated to ^ and Tm{0 = D{0/S{S,) is 
m — 1 connected. If (, is oriented then the Thom Isomorphism Theorem tells us that the 
reduced homology of r(^) is isomorphic to the homology of the base space of £,. 
Associated to any prespectrum G we have the space 

J7°°G:=colimrj"G„ 

We will assume that the maps Gn — )• 0,Gn+i are embeddings. Then 0,°°G is an infinite loop 
space since r2°°G = Q(r2°°F) where Fn = Gn+i is the connected delooping of G which we 
denote F = J^-^G. 

The homology/reduced homology groups of a space X with coefficients in the spectrum 
associated to G are defined to be the homotopy groups: 

HniX; G) := 7r,(0°°(X+ A G)) = colim^„+fc(X+ A Gk) 

Hn{X- G) := 7r„(f)°^(X A G)) = colim7r,+fc(X A Gk) 

where Xj^ = XW* is X with an added disjoint basepoint. Section 8 of [7] explains how 
any homotopy functor G gives an "excisive" functor Gi'^{X) ~ X+ A G(*) and when G{X) 
is a spectrum valued functor, meaning G„(X) = Q.Gn+i{X), they used the same notation 
with a different meaning (note the font difference): 

G^"(X) := colimf7"(G^°)„(X) ~ f)~(X+ A G(*)) 

We will always use this second definition: G {X) = Q.°°G {X). We also use the notation 

G^\X):=n'^{XAG{*)) 

so that G {X) = G °(X_|_). Then G is a functor that takes cofibration sequences to 
fibration sequences and homotopy push-out squares to homotopy pull-back squares. In 
particular: 

(2.1) G^\X V y) ~ G^\X) X g'^\y) 

G^\X)c^nG^\T.X) 

G^°(r(e)) ~ o^''"«G^"(z)(0/s(0)- 

For any spectrum valued functor G so that Gn is n — 1 connected for all sufficiently large 
n, 



we call G^" a homology functor and G " a reduced homology functor. 
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2.2. Fiberwise homology. Suppose that X ^>- M —?■ B is a fiber bundle where i? is a 
compact oriented smooth g-manifold. Then let G^{M) be the bundle over B with fiber 
G {X). Since the fibers are pointed, this bundle has a trivial section. 

If ^ C S is a cofibration let Tb,aG^{M) be the space of sections of G^{M) which are 
trivial on A. This is an infinite loop space since 

TB,AG'^^iM) ^ n^TB,A{^'''GfBiM) 

where Q~ G = {G^^n}- In particular, 7rQTB,AG^{M) is an abelian group. 

2.2.1. basic homotopy calculation. Suppose that dB is a union of two q — 1 dimensional 
submanifolds d^B^diB which meet along their common boundary ddoB = ddiB. For any 
A Q B we use the notation Myi = p^^{A). Then 

Theorem 2.2.1 (basic homotopy calculation). For any homology functor G , there is a 
natural homotopy equivalence 

^B : TB^doBG'^^iM) ^ (7^G^"(T(e)/r(6)) 

where T(^) is the Thorn space of ^, the pull-hack to M of the stable normal bundle of B, 
and r(^i) C r(^) is the subspace given by restricting S, to Mq-^b- 

The proof of this fact is very similar to the proof of Poincare duality and is explained 
below. Here is the example that we have in mind. 

Corollary 2.2.2. Let T-L{X) be the space of stable h-cobordisms of X. Then there exists a 
natural isomorphism 

Om : vrorB,aoB^B(M) ^ M ^ Hg_^k{M, Mq,b;^) 

fc>0 
where q = dim B . 
Proof. By the theorem we have 

vrorB,9oB^B(M) = H,{T{i)/T{ii)- %{*)). 
But we have a rational equivalence of infinite loop spaces [3] : 

fc>0 

So, rationally we have: 

H,{T{0/T{ii);n*)) =Q 0F,_4fc(r(O/T(ei)) =Q 0i7,_4fc(M,Ma,B) 

fc>0 fc>0 

using the Thom isomorphism theorem at the last step. Extend scalars to M to get the result. 
The specific choice 9m of this natural isomorphism is given below. D 
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2.2.2. normalization of 9m, @m- To make a specific choice for the isomorphism in Corollary 
I2.2.2l we need a specific rational homotopy equivalence 



n{*)c^QY[K{Z,4k) 



fc>0 

This is equivalent to choosing a fixed rational cohomology class in nfc>o H^^{T-L{*); Q). We 
take this to be the higher IK-torsion invariant which is a real cohomology class 

k>0 

which comes from an element of nA;>o-^^^(^(*)' '^(^^ ~^ 1)Q) by |15j . 
With this choice we get a natural isomorphism 

k>0 

Theorem 2.2.3. We have a natural isomorphism 

Qm : TToS'B^9,BiM) ® M ^ Hg^^kiM, Me,B;^). 

fc>0 

Proof. Take Qm = 9m ° {im)* where (7a/)* = t^q{'^m) (8) M is the isomorphism induced by 
the homotopy equivalence 

IM -.Sh^Q^BiM) c^TB,d,BV:t{M) 
of Theorem 11.5.141 D 

In the case when M — >■ i? is a linear disk bundle, the elements of 5^ q ^(Af ) are repre- 
sented by disk bundles M' — > B which are linear over OqB. The higher IK-torsion invariant 
T^^{M') £ ^^^QH^''{B,doB;R) is zero if M' is a linear bundle over all of B. The choice 
of the isomorphisms 9m, ©a/ is designed to make the following equation hold: 

Proposition 2.2.4. Suppose that M ^ B is a linear disk bundle and M' — )• B represents 
an element of ttqS^ Q ^{M) . Then 

Dt^'^{M')=p,Qm{M') 

where D is Poicare duality and p^ is the map in homology induced by p : M ^ B . In other 
words, the following diagram commutes. 

^oSI,^9oBiM) ® M 1^^ 0,^0 H^'^iB, doB; M) 



Bm 



D 



®k>o Hg-4k(.M, Mq^b; m -^ ©fc>o Hg-4k{B, diB;R) 

Proof. This follows from the definition of @m and the fact that t^^{M) = for linear disk 
bundles making t^^{M', M) = t^^{M') - t^^{M) = t^^{M'). D 

Remark 2.2.5. The immediate corollary that r is an isomorphism in the above diagram is 
reformulation of the result of Farrell-Hsiang [9] using the properties of higher torsion (see, 

e.g., m)- 
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2.3. Proof of Theorem 12.2.11 We prove the theorem first in the special case when B is 
a compact (7-manifold embedded in D'' and doB is empty (so diB = dB). In that case the 
normal bundle of B is trivial, so r(^) = M+ and r(^)/r(^i) = M/Mqb- Let 

^B ■■ rBG§(M) ^ n'i'G^\M/MQB) 

be the map given as follows. Take the inclusion of M into the trivial bundle B x M via the 
map {p^icLm) : M ^ B x M. This induces a map 

^B : TbG'^^{M) -^ FBG'^iB x M) = Map{B, G^"(M)). 

For any 7 G rBG§(M) the mapping ^5(7) : B -^ G'^'{M) sends dB into G'^^Mqb). So, it 
induces a mapping 

ifBil) : i?V5^"^ ^ Dy{D''\intB) = B/OB ^^^ G^\M/MaB) 

w 

representing an element of Vf^G {M/Mqb)- In the relative case, 4'{B,doB){l) sends diB into 
G^°(MajB) and d^B into * = G^"(0) C G^"(MajB). So '4'(B,doB){l) induces a mapping 

y 

giving an element of O'^'G {M/Mq-^b)- 

Lemma 2.3.1. Suppose that B is a compact q-manifold embedded in W. Then the mapping 

ipB : rBG^"(M) ^ Vt'^G^'iM/MaB) 

described above is a homotopy equivalence. 

Suppose for a moment that this is true. 

Proof of Theorem \2.2.1{ Consider the next case when B \s a, compact g-manifold embedded 
in the interior of D'^ and dB = d^B U diB. Let G = BqB x / be an external collar 
neighborhood for BqB in D'i so that J = BuG c^ B and BnG = BqB. Then the bundle M 
over B extends to a bundle Mj — ?> J which is unique up to isomorphism and the mappings 
^j,^C,V{B,doB) are compatible making the following diagram commute. 

TB,doBG^^iM) TjGfiMj) TcG'^iMc) 



V{B,aB) 



Vj 



VC 



^'iG^\MlMQ,B) ^'iG^\MjlMQj) ^<iG^\MclMQc) 



The top row is a fibration sequence since V b^BqeGb^M^ — ^J,cGj{Mj) is the fiber of the 
restriction map TjGj{Mj) — ?• rcG^(Mc) and the bottom row is a fibration sequence since 

M/Mq^B -^ Mj/Mqj -^ Mc/Mqc 

is a cofibration sequence. Since (fj, ipc are homotopy equivalences by the lemma above, the 
induced map ^(B,doB) is also a homotopy equivalence and T{^)/T{^i) = M/Mq^b, so the 
theorem holds in this case. 

In the general case we choose an embedding B'^ ^-7> D'^+"' and let v be the n-dimensional 
normal bundle of B. Let ^ be the pull back of i^ to M and let D{u), S{u)^ D{^), S{^) be the 
corresponding disk and sphere bundles. Then D{S,),S{^) are the pull-backs of D{y),S{y) 
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to M and therefore, -D(^) — > D[u) is a fibration with fiber X and 5'(^) = D{£^)giy\. Since 
diD{u) = S{v) U D{v)9,B, we have D{i)Q^D{u) = S{0 U 1^(6). So, 

^(0/^(e)a,DH = s"(r(e)/T(6)) 

making /3 a homotopy equivalence in the diagram below. Since {B, OqE, M) ~ {D{u),D{y)Q^B-, D{S,))^ 
a is also a homotopy equivalence. 

Finally, D(iy) is a g^ + n submanifold of £)'?+"■ and the closure of the complement of 
doD{iy) = D{v)q^b in dD{i') is diD{u). So, the map ^ = ^[d{u),d{'^)9^b) i^ ^ homotopy 
equivalence by Lemma [2.3.11 which we are assuming. Therefore, the composition is a homo- 
topy equivalence, proving the theorem: 



TB,a,BG'i{M) 



^D{v),D{y)aoB^D{u)(^^0) 



J7^G'"(T(0/T(6)) 



^n'^^nQ''\D{0/D[Od,Diu)) 



Proof of Lemma \2.3.1\. Suppose first that B = D^. Then 



D 



y%. 



-.%, 



y% 



■%, 



TbG%{M) ^ Map{D'i,G^"{X)) ~ G^'iX) ~ O'^G (S''(X+)) ^ Q'^G (M/Mbb) 

and this homotopy equivalence is given by ipB- 

In general we can choose a finite covering of B by closed g-disks Ai which is a "good 
covering" in the sense that the intersection of any finite number of Ai is either empty or 
homeomorphic to a g-disk. Let C = AiU ■ ■ ■ L) A^-i and B = G U A^. By induction on k 
we know that (fc, ^cnAk and (fA,, are homotopy equivalences. Now look at the commuting 
cubical diagram given by mapping each object of the left hand square to the corresponding 
object of the right hand square in the following diagrams. 



TsC'^iM) 



TcG'^iMc) 



% 



-^Ta.GUMa,) 



TA,ncGX^ciMA,nc) 



niG'^\M\B) 



niG'^\M\G) 



-^Qig'^\M\Ai,) 



Q'?G^°(M|ylfcnC) 



Here M\G = Mc/Mqc = M/MB\intc and similarly for C replaced with B,Ak,Ak n G. 



^% 



Since the functors X i-^ TxG^{Mx) and Q^G'" send cofiber squares to fiber squares, both 



^%, 



squares are fiber squares. This implies that (fB ■ r_BG'^(M) — )• O'^G {M\B) is a homotopy 
equivalence as claimed. D 



2.4. Stratified subbundles. Recall from Definition I1.5.2UI that a stratified embedding- 
immersion pair consists of a codimension immersion A : {L,diL) — )■ (B,diB) covered 
by an embedding of smooth bundles X : E ^ W oi the same dimension. By the Corollary 
ll.5.21l of the stratified smoothing Theorem II. 5. 191 we have the following commuting diagram 
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where the maps //, 7 are homotopy equivalences. 



''L,doL 

IE 



(E) 



■SUE' 



S 



B,doB 



m 



rL,doLn'^£{E) -^ TB'H'^^iE^) ^- rB,d,Bn'^Biw) 

We need to prove that our calculation of the bottom three terms is compatible with the 
two arrows. 

Theorem 2.4.1 (stratified homotopy calculation). The following diagram commutes for 
any homology theory G . 

c 



rL,aoLG'£{E) 



-^TBG'^iE 



rB,doBG'£{W) 



fL 



Vb 



,% 



n'iG'\T{iE)/T{ia,E)) 



^% 



^niG'\T{0/T{^9,w)) 



Here ^ = p*i'B is the pull-back of the normal bundle vb of B to W and S,e = A*^. The 
bottom arrow is induced by the inclusion T{^e) ^^ T{^) given by \ : E ^ W. The mapping 
/x is the natural homotopy equivalence described below. 

The proof is given below, following two corollaries and two lemmas. 

Since \ : L —^ B is a, codimension immersion, the normal bundle of B pulls back 
to the normal bundle of L: vl = \*vb- Since p o \ = \ o tt : E ^ B^ \t follows that 
^E = A*^ — iT*i'L- So, both vertical arrows in the diagram are the homotopy equivalences 
of the previous theorem. 

The mapping /i can be described as follows. For any b a B let xi,- ■ ■ , x^ be the elements 
of L — OqL which map to b. Then -E^ = U ^{Exi)- So 

G^^{Ei)c.llG^'^C\E,,) 

where the projection map (E^)^ — > {XExJ+ is the identity on XEx^ and sends the other 

components to the disjoint base point. (Then apply G °{X^) = G {X).) 

There is a sixth space which can be inserted in the middle of the bottom arrow of the 

above diagram: O'^G ''{T{^E^)/'E{^d-^E^)) where ^e^ is the restriction of the bundle ^ to E^ 

and ^Qj^E^ is the restriction of S, to diE = E (1 Wg^^B- 

The case that interests us is G = ?{ where, using the Thom Isomorphism Theorem we 

have the following. 

Corollary 2.4.2. The following diagram commutes where both horizontal arrows are in- 
duced by the stratified embedding \ : E ^W . 



TTorL,a,Ln'^iE)0M 
Be = 
©fc>o ^q-'ikiE, diE; ] 



l%l 



K 



■^TroTBA>BmiW)(S)R 
ew = 



Combining this with Corollary 11.5.211 we obtain the following. 
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Corollary 2.4.3. The isomorphism Qyy = Ow o {-y^r)^, is com.patible with stratified embed- 
dings X : E —^ W in the sense that the following diagram commutes. 



^oSldoLiE) 



©fc>o Hq-ikiE, diE; ] 



^oSI,^9oBiW)(^- 



-^®k>oHg^^kiW,diW;\ 



Lemma 2.4.4. There is a homotopy equivalence fi : FL^QgLG^^E) -^ rBG^{E ) which 
sends 7 to the section /_f(7) which sends b £ B to {'y{xi))i G Y[ G {XExJ. 

As before, the proof of the theorem rehes on the following lemma which does the case 
when B'' is embedded in D''. 

Lemma 2.4.5. Suppose that B'^ is embedded in the q-disk D^ . Then 

TbC^HE') ^ TL,d,LGl{E) ^ n'^G'^\E'/Els) c^ n'^G^\E/Ee,L) 

Furthermore the mapping ipB '■ ^bG^{E ) — )■ ^'^G " {E / Eq^) giving this homotopy equiva- 
lence is natural with respect to restriction and inclusion as explained below. 

Naturality with respect to inclusion means that the following diagram commutes for any 
choice of decompositions dB = d^B U d\B so that Eg ^ is empty. The horizonal maps in 
the diagram are induced by the inclusion E '^^ W. 



TBG'^iE') 






n'^G'^E^Ei,^) 



-^TB,doBG'^iW) 

•fiB,do 

-Q'ig'^\W/W9,b) 



Naturality with respect to restriction means that the following diagram commutes as- 
suming that y4 C S is a g-submanifold transverse to the image oi X : L —^ B. 



TbGHe' 



^aGI{E'^ 



<fiB 



fA 



n^% 



n'^G'-iE^Ei,^) n'^G'^E^Ei^^) 

The top horizontal arrow is given by restriction of sections to A and the bottom horizonal 
arrow is induced by the quotient map E /Eq^ — > E^/E[ 



dA- 



Proof of Lemma \2.4.5\ The proof is basically the same as the proof of Lemma 12.3.11 First 
we consider the elemental case in which B = D'^ and L is a disjoint union of g-disks Li with 
embeddings Ai : Lj — )• i? so that X^^{dB) = diLi. Let Ei C W he the image of E^.. Then 
each Ej falls into one of three elemental cases: 



(0) diLi is empty. Then 



y%, 



y% 



%/ 



TBG'^iEi) ^ TL,,aL.Gt{E) ^ Map{L,/dL,,G'\E)) ~ n^G'^{E.i) = n'^G'^E 



i+) 
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(1) diLi and doLi are q — 1 disks meeting along a q — 2 sphere. In this case, 

(2) diLi = dB = 5"^^^ and d^Li is empty. Then Li = B and 

TBC^^iEi) ^ MapiB,G'^^{E,)) ^ C'^^Ei) ^ WG^\E,/E,qb) 

Therefore, 

TBG'^^{E,)^n'iG^\Ei/Ei^9B) 
for each i and we conclude that 

TBC^iiE') ^XlTBG'^^^Ei) c^J[n'iG^\E,/E,^sB) ^ ^'^G^\e' /eIj,). 

In general we can choose a finite covering of B by closed g-disks Ai which is a "good 
covering" in the sense that the intersection of any finite number of Ai is either empty or 
homeomorphic to an g-disk and the restriction of E to each of these disks is elemental as 
described above. It is easy to do this very explicitly. First subdivide once to make sure the 
triangulation is sufficiently fine. Choose any fixed positive e < 1/q + 1. For every simplex 
a take the set N{a) of all points 6 G i? so that ti < e for every barycentric coordinate tj of 
b corresponding to a vertex Vi not in a. Then A'^(<t) is a polyhedron, being given by linear 
inequalities of barycentric coordinates and it is the closure of its interior which contains a 
as a deformation retract and is thus contractible. Therefore N{a) is a (7-disk. Also, it is 
obvious that N{a)riN{T) = N{ariT). Also, similar arguments show that each component of 
L over N{a) is a q disk and falls into one of the three cases discussed above. So A^ = N{ai) 
form a good covering. 

The rest of the proof is almost word-for-word the same as the second half of the proof 
of Lemma 12.3.11 except that we need E to be replaced with E and we need two more 
commuting squares with B replaced by L and G and A^ replaced by their inverse images in 
L. Then we have four fiber squares in which corresponding terms are homotopy equivalent 
by induction on k proving the first part of the lemma. 

It remains to show that the mapping 

ipB : TBG^iiE') ^ n'iG^\E'/Elj,) 

which gives the homotopy equivalence is natural with respect to inclusion and restriction. 
But this follows from the definitions. A section 7 of G^{E ) sends a point b £ B to 

-f{b) G G'^"{Et,) C G'^{E^). The corresponding map 99^(7) : D^ S'^-^ -^ g'^^E/Eob) sends 

b e B C D'' to 7(6) G G°^°{Eb) -^ 'G^\E/E3b). This is clearly compatible with inclusion: 
we simply map these images into larger sets. This is also compatible with restriction: the 
points b £ A are sent to the same points as before and b ^ A are sent to the basepoint by 
both 7 and ipAi'y)- D 

Proof of stratified homotopy calculation \2.4-l\ The proof is analogous to the second para- 
graph in the proof of Theorem 12.2.11 Choose an embedding B'^ ^^ D'^'^"', take z^ to be the 
n-dimensional normal bundle of B and let i^vi^iE be the pull backs of v to W,L,E re- 
spectively. Let D{i'),S{i^),D{^), etc. be the corresponding disk and sphere bundles. Then 
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we have a new stratified embedding-immersion pair: 

A 



D{^e) 



D{vl) 



D{i) 



D{v) 



giving a stratified subbundle D{^eY ^ D{^). Also, let 

doD{uL) = D{uL)doL ^ doL. 
Then: 

diD{u) = D{u)9,B U S{u) 
D{Oa,D(u) = D{ia,w) u 5(0 

diD{uL) = {\'y^dD{v) = D{uL)d,L U S{vl) 

Since D[v) is q + n manifold in L)'?"*"", Lemma 12.4.51 applies and we get the following 
commuting diagram where the vertical arrows are homotopy equivalences. 



^Di.,l3,G\^,^{D{iE)) 



^ - -^% (r,(c^\&\ ^_r^,,./7% 



09+"G 



■% 



ms) 



D{iE)a-iD(v^) 






J^9+"G 



g(fe)^ 



««B)|a(„) 



-^^""^'"(^(SS^ 



Each term in the diagram above is homotopy equivalent to the corresponding term in 
the following diagram, proving the theorem. 
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This completes the proof of Theorem 1 2. 4. II which implies Corollary 12. 4. 31 that the rational 
calculation of the space of stable smooth structures given in Theorem 12.2.31 is compatible 
with stratified embeddings. This is used in the companion paper [TTj to transfer our more 
or less complete understanding of the rational stable exotic smooth structures on disk bun- 
dles and their relation to higher Reidemeister torsion to a corresponding understanding of 
rational stable exotic smooth structures on smooth manifold bundles with odd dimensional 
fibers. 
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